
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 



■•f'^-^m^.' 



i--i:--*t^ 







, -•-!• 



^-; ^ ,.^- 



-l" •^- 






>">-- 




) 



/ 



r 





ed by 



Google 



QA 



Digitized by 



Google 



Digitized by 



Google 



BY THE SAME AUTHOR. 



AN ELEMENTARY TREATISE on ALGEBRA, with Ira- 
provements in the Solution of the Higher Equations; a new and 
general Demonstration of the Binomial Theorem ; a new Method 
of summing Infinite Series, &c. 12^. boards. 

*•'' A new and ingenious method of solving ^uations has been recently discovered 
by Messrs. H. At^son, Holdred, and Homer, independently of each other. For 
the best practical view of this new method and its applications, consult the Elementary 
Treatise on Algehra^hy Mr, J. R, Voung, a work which deserves our cordial re. 
commendation.*' 

Dri GregoryU edition ofHutton's Mathematics^ voL I. p. 260. 

^' The investigation of the binomial theorem is a subject that has occasionally 
occupied the attention of many of the ablest mathematicians since the days of Newton, 
its immortal inventor. Yet among all the general investigations that have been 
given, one purely algebraical, and adapted to elementary instruction, has not till now 
been met with, by us at least, if we except that given by Mr. Woodhouse, in his 
excellent Treatise on the Principles of Analytical Calculaiion, than which, however, 
(although, like every thing we have seen entered into by that gentleman, it is very 
clear and logical), we have no hesitation in saying that Mr. Young's is more simple 
in principle, and quite as satisfactory4" 

Newcastle Magazine for Nov, 1825, 

*''• For the summation of infinite series the author gives a new and ingenious methed, 
which is very easy and extensive in its implication. 

*' Chapter 9 contains another of the author's improvements in the science ; viz. a 
new, direct, and concise rule for the solution of indeterminate equations involving 
two unknown quantities." New Mag, 



II. 

A CONCISE EXPOSITION of the METJIOD of INSTRUCT- 
ING the DEAP and DUMB in the Knowledge of a written 
Language^ upon simple and rational Principles. 3^. 6d. boards. 

^' Mr. Young of Peckham has just published a small volume very clearly and 
simply explaining the present state of the art of instruction. We shall oondude with 
a single specimen of the mode adopted by this gentleman." 

Encyclapagdia Metropolitana — Art, Dumbness, 

'' This volume is a valuable present to the cause of humanity, not more from the 
science displayed in it than from the acute knowledge it discovers of the human mind 
and heart." 

Newcastle Magazine^ January^ 1827. 
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III. 

A VOCABULARY of SUBSTANTIVES, ADJECTIVES, and 
VERBS, for the use of DEAF and DUMB CHILDREN ; with 
an Analysis of the Pronunciation of each Word. 2^. bound. 



Preparing for Publication, 

A TREATISE on the GENERAL THEORY and SOLU- 
TION of ALGEBRAICAL EQUATIONS, intended as a Sup- 
plementary Volume to the Treatise on Algebra. 

*^* In this volume it is. expected that the recently discovered method of solving 
Numerical Equations by Continuous Approximation will be reduced to the utmost 
simplicity of form of which that method appears susceptible. 

I am happy to have here an opportunity to remark, that this method of solving 
equations, the discovery of which I have, in my Algebra, attributed to Mr. Holdred,. 
appears, upon further examination, to be, in reality, due to Mr. Homer. This latter 
gentlenum's important paper in the Philosophical Transactiont did not fall in my wav 
till long after I had thoroughly examinol Mr. Holdred's Tract, and had myseu 
8U}>pliS, by the aid of simple dementary means, the demonBtrati(m of the tru& of 
the process recomn&ended in that Tract, ^ it was there given without any satisfactory 
investigation. Upon subsequently looking over Mr. Homer's method, and perceiving 
\hat, his train of reasoning was very difierent from my own, and that the practical rale 
derived from it was not exactly the same, I hastiljr, and, as it seems, very improperly, 
conduded that the two methods were essentially different, and quite independent of 
eadi other* I have since more attentively examined Mr. Homer*s paper, and I find 
that the method given in Mr. Holdred's Tract, without demonatraHon^ is identical to 
one satisfactorily established in the paper of Mk. Homer, but which, it appears, that 
gentleman passed by without particular notice, deeming his final result higher up in 
we scale of improvement. 
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PREFACE. 



-^ Elements of- geometry are by no means numerous 

*^ in this country, a circumstance to be attributed to the 

^ almost universal preference given to Euclid ; not, in- 
deed, because the elements of Euclid is a faultless per- 
formance, but because its blemishes are so inconsider- 
able when compared with its extraordinary merits, that 
to reach higher perfection in this department of science 
has been generally supposed to be scarcely within the 
bounds of 'possibility, an opinion which the fruitless 
efforts of succeeding geometers to establish a better 
system have in a great measure confirmed. The supe- 
riority of Euclid's performance consists chiefly in the 
rigorous and satisfactory manner in which he establishes 
all his assertions, preferring in every case the most 
elaborate reasoning rather than weaken the evidence 
of his conclusions by the introduction of the smallest 
assumption. 

On the continelit, however, this high opinion of 
Euclid does not appear to prevail, and the rigour and 
elegance of his demonstrations seem to be less appre- 
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VI PREFACE. 

dated. In all the modern French treatises on geo- 
metry, it is easy to discover a wide departure from that 
rigorous and accurate mode of reasoning so conspicuous 
in the writings of the ancient geometer. From this 
imputation even the celebrated EUmens de Ghmetrie 
of LegendrCf " the first geometer in Europe,** is not 
exempt, notwithstanding the masterly manner in which 
he has treated certain difEcult parts of the subject. 
The greatest difficulty, however, in the whole compass 
of geometry is doubtless the doctrine of geometrical 
proportion. The manner in which Euclid establishes 
this doctrine is remarkable for the same rigour of proof 
that manifests itself throughout the other parts of his 
work, although it is universally acknowledged that from 
the difficulty of the subject his reasoning is so subtle 
and intricate, that to beginners it exposes a very serious . 
obstacle. The grand aim, therefore, of geometers 
has been to deliver this pait of Euclid's performance 
from its peculiar difficulties, without destroying the 
rigour and universality of his conclusions. All attempts 
to accomplish this important object have been unsuc- 
cessful ; and those who have abandoned Euclid's method, 
and have treated the subject in a more concise and easy 
way, have greatly fallen short of that accuracy of rea- 
soning so essential to geometrical investigations, and 
have arrived at conclusions tljat are not indisputably 
established, but only approximately true: — such is 
the doctrine of proportion as treated by geometers 
of the present day. It appears, therefore, that not- 
withstanding the recent translation of Legendre's 
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PREFACE. vii 

celebrated work into our own language — the un- 
qualified praise which has been bestowed upon it, and 
its extensive circulation throughout Europe, there 
are still blemishes to be removed and defects to be 
supplied ; for extraordinary as it may appear, Legendre 
has not, unfortunately, exercised his powerful ; taient;s 
upon the doctrine of proportion, but has entirely ex- 
cluded the consideration of it from his elements, re- 
ferring the, student for requisite information " to the 
common treatises on arithmetic and algebra*.*' Now 
books on arithmetic and algebra can unfold the pro- 
perties of proportion only as regards numberSy and 
numbers cannot extend to all classes of geometrical 
magnitudes, for, some when compared are found to be 
incommensurable. . The doctrine of proportion, there- 
fore, in reference to these latter, cannot be rigorously 
inferred from any thing that may be established with 
regard to numbers or commensurable magnitudes. 

Having adverted to these defects it remains fofr me 
now to give some brief account of the present attempt, 
and to state wherein I have endeavoured to render it 
more' particularly worthy of examination. 

And first it may be remarked, in reference to the ge- 
neral plan of the work, that I have taken a more en- 
larged and comprehensive view of the elements of geo- 
metry than I believe has hitherto been done, as I have 
paid "particular attention to the converse of every pro- 
position throughout these elements, having demon- 

• 

* Dr. Brewster's translation of Legendre^ page 48. 
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strated the converse wherever such demonstration was 
possible, and in other cases shown that it necessarily 
failed. There can be no doubt that this comprehensive 
mode of proceeding, embracing as it does every thing 
connected with the subject, must afford the student 
entire satisfaction, and must also increase the accuracy, 
as well as the extent, of his geometrical knowledge ; 
since he not only learns that under certain conditions 
a certain property must have place, but also whether or 
not it is possible for the same property to exist under 
any change of those conditions. The first, and I be- 
lieve the only work in which converse propositions are 
fully considered, is that of M. Gamier j entitled Ri- 
ciproques de la G^omitriCy and which, it appears, was 
intended to accompany the geometry of Legendre. 
In the present performance I have, in several instances, 
availed myself of this work of Gamier, although, in 
many other cas^s, I have found it expedient to adopt 
a different course. The only book on geometry with 
which I dm acquainted, where the converse accompany 
the direct propositions to any extent, is the EUmens 
de GSomitrie par M. Develey^ a very comprehensive 
performance ; but in many instances the converse pro- 
positions are not noticed, and in but very few cases is 
their failure shown to take place. This plan, there- 
fore, is not systematic and uniform. 

With regard to other, and more particular improve- 
ments, introduced into this work, may be noticed pro- 
position XIII. of the first book, taken, with little alter- 
ation, from the Principes Mathematiques of M. du 
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Cunha; and which, as Professor Playfair rei^arked, in 
the Edinburgh Review, vol. XX., is a deeided im- 
provement in elementary geometry, as it dispenses 
with an awkward subsidiary proposition of Euclid. 

Upon the doctrine of proportion, which constitutes 
the fifth book of these elements, I have bestowed much 
labour and attention^ and have, Ihope, in some degree 
succeeded in diminishing the difficulties hitherto at- 
tendant upon that important subject. 

The notes appended to this first part may, I think, 
bje consulted by the student with advantage. I have 
therein endeavoured to point out some remarkable errors 
and inconsistencies into which modem geometers have 
£Eillen, particularly in reference to the theory of parallel 
lines, and the doctrine of proportion ; and I believe 
many of these errors have hitherto remained unnoticed. 
A singular instance of this is shown in the notes to the 
sixth book, where a proposition in SimpsorCs Geometry ^ 
which has been for upwards of seventy years received as 
genuine, and adopted by more modern geometers, is 
proved to be false ! Other instances of incautious rea- 
soning are adduced froni LegendrCj Dr. Simson, and 
others, which it is doubtless of importance to detect and 
point out to the student, as indisputable pro6fs of the 
great caution necessary in geometrical reasoning. 

Throughout the whole I have earnestly endeavoured 
to render this performance suitable to the wants of the 
student, and deserving of the approbation of the geo- 
meter. I can truly say that its composition has been 
attended with a great sacrifice, both of labour ^d ex- 
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pense ; and its progress has been frequently interrupted 
by opposing circumstances. But if, notwithstanding, I 
shall have succeeded in rendering it worthy of notice, 
I shall consider myself fully recompensed for the pains 
it has cost me, and shall feel encouraged to proceed 
with more confidence and ardour in the remaining 
part of the subject. 

J. R. YOUNG. 
JuneUt,18n. 



The second part will contain the Geometry of 
Planes and Solids, with notes and an appendix on 
the Symmetrical Polyedrons of Legendre. 



♦^* The student is lecommended to correct the following errors with a pen, par- 
ticularly those which occur in pages 72 and 76. ^ 

errata. 

Page 1, bottom line, for with^ read to. 

15, line 2 from bottom, for MC, read bAc» 

16, line 9, for C, read B, 

72, Unes 6 and 7) for -R>5', read E> S\ 

ib. for P> Qin line 6, read P:> a'. 

ib. in lines 9 and Id, for Q', ,% read Q', S'. 

76, lines 10 and 12, for oftener, read more or less often. 

78, line 13, for tkreej teadfour. 

91, line 6 from bottom, for C, read E, 

108, supply the line 6£ in the diagram. 

109, line 18 from bottom, for AB» + AC^y read ABAC. 
131, line 5, for Oad^ read OaD. 
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BOOK L 



Geometry is the science which treats of the properties, 
relations, 'and measurement of magnitude in general. Mag*--^ 
nitude can have but three dimensions, length, breadth, and 
thickness, all 6f which are necessary to constitute a body, or 
solid. It is important, however, to consider magnitude under 
the three distinct denominations of lines^ surfaces^ and solids^ 
and thus the sciesnce of Geometry becomes divided into three 
priQcipal branches : the first part treating of lines described 
upon the same plane, and of the surfaces which they enclose* 
the second of lines situatied in different planes, and of the re- 
lations of these planes to each other ; and the third part con- 
templating body under its several dimensions of length, breadth, 
and thicknes^. Lines are obviously the boundaries of sur- 
faces, and surfaces are the boundaries of solids : it is equally ' 
obvious that a line, being mere length, without either breadth 
or thickness, can exist only as the boundary of a surface, and 
that a surface being absolutely without tnickness, can exist 
onlj/ as an attribute of body. Although, therefore, it cannot 
be supposed' that a line, or a surface, can have separate or 
independent existence, the fact will not in the smallest degree 
interrupt or embarrass our reasonings in considering these 
several attributes of body or space, each apart from the others, 
nothing more being requisite than the abstracting these others 
from our inquiry; so that in considerinff lines, length oiily is - 
recognized, and in contemplating 3urfacel, len^h and breadth 
are combined, and thickness excluded. Having made these 
preliminary remarks, which ^vere (ieemed essential to the 
student, we may proceed with the definitions. 
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ELEMENTS OF GEOMETRY. 



DEFINITIONS. 

1. Straight lines Bie those of which but one '_^ 

can bie drawn from one point to another. 

Two straight lines, therefore, cannot include space. 

2. When two straight lines meet, the opening between them 
is called an angle ; the point of meeting is called the vertex^ 

. and the lines themselves, which are said to contain the angle, 
are called the sides of the angle. 

An angle is referred to simply, by means of the letter, at its 
vertex. Thus the angle contained by the a^ 
straight lines AB, BC, is designated as the 
angle B. When, however, two or more 'e- 
angles have the saape vertex, then, in order to denote any one 
in particular, it becomes necessary to specify its sides by em- 
ploying the diree letters at their extremities ; that at the vertex 
oeinff always placed in the middle. 

Thus the angle CBA or ABC, denotes 
that {)articu]ar angle having the vertex Band 
contained by the sides AB, CB, and by tl^e 
angle DB(5 or CBD, is in like manner 
meant the angle whose vertex is B, and 
whose sides are BD, BC. 

It is obvious that the quantity of an angle depends not upon 
the length, but entirely upon the positionr of its containing sides ; 
for the opening between the sides AB, CB, must remain the 
same, however these lines be increased or diminished. 

8. One straight line is said to be perpen- 
diadar to another, when it. makes with it equal 
adjacent angles. A perpendicular at the ex- 
tremity of a line, is that which makes an angle 
wit)i it equal to the adjacent angle^ which 
would be formed by prolonging the line be- 
yond that extremity. 




4. A right angle is the angle formed by a straight 
line and a perpendicular* to it. 



5. Aft aciUe angle is less than a right ^gle. 
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DEFINITIONS. 



6. An obtuife angle is greater than a right 
angle. 



7. A plcme surface, or simply a plcme, is that in which, if 
any two points whatever be taken, the straight line which joms 
them will lie wholly in it. 

8. A straight liqe is said to be parallel to another when they 
are in the same plane, and can never meet, however far they 
may be produced. 

If, for example, the straight line AB, ^ ^ 

how far soever it be produced, can never 
meet the prdiongaticm of CD, which is 

in the same plane, it is ssdd to be paral- ^" ^ 

lei to it. 

9. By the distance of a pdnt from a straight line, is meant 
the perpendicular from that point to the line ; and one line is 
said to be equi-distant from another, when every point therein 
is equally distant from it, 

10. A plane figure is an enclosed plane surface. 

11. If it be bounded by straight lines only, it is called a 
rectilineal figure, 

12. A polygon is a name used to comprehend every recti- 
lineal figure, without regard to the number of its sides. The 
boundary of the figure is called its perimeter. 

13. Among polygons, however, are more particularly di- 
stinguished the figure of three sides, called a triangle, ana that 
of four sides called a qtmdrilateral. , 

14. Ah isosceles triangle is one, which has two 
equal sides. 

15. An equilateral triangle is one which has all its 
sides equal. 

16. When no two sides are equal the triangle 
is called scalene. 




A 
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ELEMENTS OF GEOMETRY. 



In a right angled triangle the side op- c 
the rightangle is called the hypothenuse. P 



17. A right angled triangle is one which has a pv. 
right angle. | ^n^ 

18, 
positethe 

If, for example, the angle A is right, the 
side BC is the hypothenuse. 

Any side of a triangle may be considered as its base^ but it 
is usual, in the case ofthe isosceles triangle, to confine this term 
to that side which is not equal to either of the others. 



19. A rhamboid or pa/rallelogram is a quad- 
rilateral whose opposite sides are parallel. 

20. If only two of the opposite sides are 
parallel, the figure is a trapezium. 

21. A rJwnibus is a rhomboid, two of whose 
adjacent . sides are equal . 

22. A rectangle is a rhomboid having a right 
angle. 



\_i\ 



z 




23. And a square is a rhombus having a right 
angle. 



24. The straight line which joins the vertices of two opposite 
angles of a quadrilateral, is called a diagonal. 

Thus the line AC joining the vertices of ^ "Z^^ 

the opposite angles D AB,DCB of the quad- j/C^-^^^'^^^^^^ \ 
rilateral ABCD, is a diagonal. jt^^ 3 

25. Plane figures are equai when, by supposing them to be 
ftpplied to each other, they would coincide throughout ; and 
they are said to he equivaletit when they enclose equal portions 
of space, and are at the same time incapable of such coincidence. 
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AXIOMS— POSTULATES. 5 

An Jxio7fi is a self-evident truth. 

A Postulate requires us to admit ' the possibility of an ope- 
ration. 

A Theorem is a truth, the evidence of which depends upon 
a train of reasoning. 

The reasoning by which a truth is established, is called a 
demonstration. It is a direct demonstration when the truth is 
inferred directly from the premises as the conclusion of a re- 
gular series of inductions. The demonstration is indirect when 
the conclusion shows that the introduction of any supposition, 
contrary to the truth advanced, necessarily leads to an ab- 
surdity, 

A Problem, proposes an operation to be performed. 

A Lemma is a subsidiary truth, the eviaence of which must 
be established preparatory to the demonstration of a succeeding 
theorem. 

A Preposition is a general term for either a theorem, a 
problem, or a lemma. 

A CaroUary is an^obvious consequence, resulting from a 
demonstration. 

An Hypothesis is a supposition, and may be either true or 
false. 

A Scholium is a remark subjoined to a demonstration. 



AXIOMS. 



1. Magnitudes which are equal to the same, are equal to each 
Other. 

2. Magnitudes which are double, triple, &c,, of the same, or 
of equal magnitudes, are equal to each other. 

8. Magnitudes which are each one half, one third, &c., of the 
same or of equal magnitudes, are equal to each other. 

4. If equals be either added to, or taken from, equals, the 
results will be equal. 

5. But if equals be either added to, or taken from, unequals, 
the results will be unequal. 

6. The whole is greater than a part. 

7. The whole is equal to the siim of the parts into which it 
is divided. 

POSTULATES. 

1. Grant that a straight line may be drawn from one point 
to another. 
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2. And that it may be either increased till it be equal to a 
greater straight line, or diminished till it be equal to a le^. 

3. Grant also, that an an^le may be increased till it be equal 
to a greater angle, or dimimshed till it be equal to a less. 

4. And lastly, that from a point either within or without it 
straight line, a perpendicular thereto may be drawn. 



It 18 9ieceasa/ry to retnark, that in the first eight books of these 
elements^ the lines concerned m each proposition are supposed 
to be aU sittMted in the same plane. 
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PR0F08I7I0N I. THEOREM. 

From the same point, in a given straight line, more than 
one perpendicular thereto cannot be drawn. 

Let BD be perpendicular to the sEraight line AB, or AC, 
BC being the production of AB, and if the truth of the theorem 
be denied, let some other line, as BE drawn from the same point 
B, be also perpendicular to AC. 

Then because the angles ABD, CBD are 
equal, (Def. 8.) the angle ABD must be greater 
than the angle EBC ^x. 6.). But BE is per- 
piendicular to AC, by hjrpothesis, therefore the jc — 
angle EBC must be equal to the angle ABE 
(Def. 3.). It follows, therefore, that the angle ABD is greater 
than the angle ABE, a manifest absurdity; therefore BE 
cannot be perpendicular to AC. 



PROPOSITION II. THEOREM. 

All right angles are equal to each other. 

Let ABC be a ri^ht angle, and DEF any other right angle, 
then, if it be denied that these two angles are equd to each 
other, one of them, as ABC, must be supposed greater than 
the other, so that«DEF must be equal to some portion of ABC. 

Let AB/'represent that portion, then, 
because AB/^is a right angle. By is per- 
pendicular to AB (Def. 4.) ; but ABC is 

also a right an^le, therefore BC is like- 

wise^ perpendicmar to AB, that is from the "*■ 
same point B in the straight line AB, two perpendiculars 
thereto are drawn, which is impossible. (Prop. I.) Therefore 
ABC cannot be ^eater than DEF, and in a similar manner it 
may be proved that DEF cannot be greater than ABC ; the 
two angles are, therefore, equal. 
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PROPOSITION III. THEORKM. 




The adjacent aiigles which one straight line makes with 
another which it meets, are together equal to two 
right angles. 

Let the straight line DB meet AC in B,' making adjacent 
angles ABD, CBD ; these angles shall together be equal to 
tws) right angles. 

For, let BE b^ perpendicular to ABC, then 
the angle ABD is equal to the right angle 
ABE, together with the angle EBD. and this 
angle EBD, together with DBC, make up the 
other right angle EBC ; consequently the sum 
of the angles ABD, CBD, is equal to two right angles. 

Corollary 1. Hence, if either side of a right cmgle be pro- 
duced through tJie vertex^ the adjacent angle Jbrmed wiU be 
right. 

Cor, 2. Therefore the sides of a right angle are muiuaUy 
perpendicular. 

Cor. 3. The sum of aU the angles formed by straight lines 
drawn on the sam£ side of another straight line from any point 
in it^ is equal to two right angles ; for, be these 
angles ever so numerous, they are evidently 
only subdivisions of the two right angles, 
which a perpendicular from the point forms 
with the adjacent portions of the line. 

PROPOSITION IV. THEOREM. {Convcrsc of Prop. Ill,) 

If, to the point where two straight lines meet, a third 
be drawn, iliaking with them adjacent angles, which 
are together equal to two right angles ; the two lines 

, so meeting form but one continued straight line- 
Let the two straight lines AB, CB, meet in the point B, to 

which let a third DB be drawn, so that the adjacent anffles 

DBA, DBC, may together be equal to two right angles, men 

will ABC be one straight line. 

For, if it be denied, let BF, and not BC, 
be the continuation of AB ; then the atogles 
ABD, FBD, are together equal to two 
right angles (Prop. III.). But the angles 
ABD, CBD, are together also equal to two 
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BOOK I. 9 

light angles by hjrpothesis ; hence the an^Ie FBD is equal to 
the angle CBD, a part to the whole, which is impossible ; there- 
fore BC is the production of AB. 

PROPOSITION y. THEOREM. 

Two straight lines having.two points common to both, 
form but one continued straight line. 

Let A, B, be the two points through ^ 

which two straight lines pass, then they 
must necessarily coincide' between A and^ 
B (Def. I.) ; but if they do not coincide 
throughout, let ACD be the direction of 
one, and ACE that of the other ; an4 at 
the point C, where they separate, let there be CF perpendi- 
cular to ACD. 

Then, because CF is perpendicular to the straight line ACD, 
FCD, is a right angle (Dei. 3.) ; and since by h}^thesis ACE 
is a straight line, and FCA a right angle, the angle FCE is 
also a right angle (Prop. III. Cor. 1.), but all nght angles 
are equal to each other (Prop. 11^) ; therefore the whole angle 
FCD is equal to the part FCE, which is absurd. 

Cbr. Hence it follows that if two points iri a straight line be 
equally distant Jrmn another strakght line^ the former shall be 
equally distant Jrom tlie latter throughout; for if an equi- 
mstant straight line be drawn throiigh these points, this line 
and the former will have two points common, they must, there- 
fore, coincide. 

PROPOSITION VI. THEOREM. 

If two straight lines intersect each other, the opposite 
angles formed at their intersection will be equal. 

If the two straight lines AB, CD, intersect 
at E, the opposite angles CEB, AED, will be 
equal. ' '^ 

For the sum of the angles CEA, CEB, is equal to two right 
angles (Prop. III.). Also the sum of the angles CEA, AED, is 
equal to two right angles ; that is, the sum of the angles CEA, 
CEB, is equ J^to the sum of the angles CEA, AED ; and 
taking away from each of these equal sums the commbn angle 
CEA, the remaining angles CEB, AED, must be equal. 

Is a similar manner it might have- been shown that the op- 
posite ^angles CEA, DEB, are equal. 
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Got. 1. ♦ Hence (Prop. III.) the mm t^tJie a^igiesjbrmed hy 
the mtersedion of tToo straight lineS' is eguai to four right 
angles. 

Cor, % And, therefore, the amount of all 
the a/ngUs formed by the meeting of any 
number qf straight lines in the same point 
is equal to four right angles y since they are 
only so many subdivisions of the angles 
formed by the intersection of AB, GD. 

PROPOSITION VII. THEOREM* (Converse of frop* VI.) 

If the opposite angles formed by four straight lines 
meeting in a point are equal, these lines shall form 
- but two straight lines. 

Let thfe foul: straight lines AE, BE, CE, DE, meet in the 
point D (see the diagram to last proposition), so that the op- 
posite angles CEBj A ED, may be equal ; and also the other 
oppo^te angles GEA, DEB ; then AEB and GED shall be 
straight lines. 

For, since the sum of the angles CEA, GEB, is by hypothesis 
equal tp the sum of the angles DEB, DEA ; and the sum of al( 
four is, by the corollary to last proposition, equal to four right 
angles; it follows that each of the above sums must be equal 
to two right angles, so that the straight line GE makes, with the 
two AE, BE, adjacent angles, which are together equal to two 
right angles ; therefore AEB is a straight line (Prop. IV.). In a 
similar msmner it may evidently be proved that GED is a straight 
line ; hence the four line$ form but two distinct straight lines.. 

PROPOSITION VIII. THEOREM. 

If two sides, and the included angle in one triangle be 
equal to two sides, and the included angle in another 
triangle, those triangles shall be equal. 

Let the triangles ABG, DEF, ^ 

have the sides AB, AC, and the /v 

included angle A in the one equal / \^^ 

to the two sides DE, DF, and b^ -^Cjc^ 

the included angle D in the other ; 

then shall the angle B be equal to the angle E ; the ao^le G 

equal to the angle F, and the side BG equal to the side £F. 

For, since AB is equal to DE, and the angle A ecjual to the 
angle: D, a triangle equal to DEF maj be conceived to be 
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formed, of which AB shall be 6ne aide, and A an an^le; now 
it is obvious that the side of this triangle, which corresponds 
to DF, must fall upon AC, otherwise the angles A and J) 
would be unequal ; nor can this side extend beyond pr fall short 
of the point G, for DF is equal to AC. The two extremities^ 
therefore, of the base would coincide with the points B, C ; the 
two bases, therefore, would coincide throughout (Prop. V.), so 
that the triangle, so formed would entirely coincide with the 
triangle ABC, and it is at the same time equal to the triangle 
DEF ; hence the triangles ABC, DEF, are equal. 

Cor. If a perpendictuar/rom one of the angles of a, triangle 
to the opposite side bisect that side; it shUl also bisect the 
angle^ and the sides containing that angle shaU be equals that is, 
' the triangle will be either isosceles or equilateral. 

FBOFOSITION IX. THEOREM. 

The angles opposite tlie equal sides of an isosceles 
triangle are equal. 

Let the sides AB, AC^ of the triangle ABC be equal, then 
will the angle C be equal to the angle B. 

For, let AD be the line bisecting the angle A ; 
' then, In die two triangles ABD, ACD, two sides 
AB, AD, and the included imgle in die one are 
equal to the two sides AC, AD, and the in- 
cluded angle in the other ; hence the angle B is 
equal to t£e angle C (Prop. VIII.). 

Cor. 1. It also follows (Prop. VflL) that BD is equal to CD,' 
and, that the angle AI^B is equal to the angle ADC ; therefore 
the line bisecting the vertical angle of an isosceles triangle 
bisects the base at right a/ngles; and conversely, the Une 
bisecting the base of am, isosceles^ triangle at right angles, 
bisects also the vertical angle. 

Cor. 2. Everi/ equilateral triangle is alSo equiangular, 

PROPOSITION X. THEOREM. (ConvcTse of Prop! TX.) 

If two angles of a triangle are equal, the opposite sides 
are equal. 

In the triangle ABC let the angles ABC, 
ACB, be equal ; then, if it be supposed that one 
of the opposite sides as AB is longer than the 
other AC, let BD be equal to AC ; then the' 
triangle DBC is obviously less than the triangle b ^ 
ABC. But, since CB, BD, and the included angle, are equal 
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to BC, CA, and the included angle, by hypothesis, it follows 
that the same triangles are equal (Prop. VII.), which is im- 
jjossible; therefore AB cannot be longer than AC, and in a 
similar manner it may be shown that AC cannot be longer than 
AB; therefore these two sides are equal. 
Cor, Therefore every equicmgidar triangie is equilateral. 

PROPOSITION XI. THEOREM. 

Two iriangles are equal, if two angles and the inter- 
jacent side in the one, are equal to two angles and 
the interjacent side in the other. 

Let the triangles ABC, 
DEF, have the two angles 
ABC, ACB, and the inter- 
^jacent side BC, in the one, 
equal respectively to the two 
angles E, F, and interiacent 
side EF in the other, tne two triangles will be equal. 

It will be necessary only to show that the side AB must be 
equal to the side DE (Prop. VII.). If this equality be denied, 
let one of these sides as AB be supposed longer than the other, 
and let BG be equal to ED. Jom GC, then, since GB, BC, 
and the included angle B, are respectively equal to DE, EF, 
and the included an^e E, the angle BCG must be equal to the 
angle F (Prop. VII.) ; but by hypothesis, the angle F is equal 
to the angle ACB ; hence, then the angle GCB is equal to the 
ai^le ACB, a part to the whole, which is absurd; therefore, 
AB cannot be longef than DE, and in like manner it mjiy be 
shown that DE cannot be longer than AB ; AB is therefore 
equal to DE, and consequently the triangle ABC is equal to 
the triangle DEF. 

Car. From this proposition immediately follows the converse 
of the corollary to proposition VIII., viz • if a perpendicular 
from one of the angles of a triangle to the opposite side bisect 
this angle, it shall also bisect the side on which it falls, so that 
the sides including the proposed angle must be ^pud. (Prop. 
VIII. Cor.) 

PROPOSITION XII. THEOREM. 

If a Straight line intersect tWo others, and make the 
alternate angles equal, the two lines shall be parallel. 

Let the straight line AD intersect the two straight lines EF, 
GH, making the alternate angles EBC, HCB equal, then is 
EF paraUel to GH. 
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For if these lines are not parallel^ 
let them meet in some point I, and 
through M, the middle of BC, draw 
IK,making MK equal to IM, and join 
CK, Then the triangles IMB^ KMC 
have the two sides IlM, MB, and the 
included angle in the one equal re- 
spectively to, the two sides KM, MCy 
and the included angle in the other ; 
hence the angle IBM is equal to the 
angle KCM (Prop. VIII.); but by 
hypothesis, the angle IBM is equal to 
the angle HCM ; therefore the angle 
KCM is equal to the angle HC M, so 
that CK, CH must coindde, that is, the line GH when pro-' 
duced, meets IK in two points f, K, and yet does not coincide 
with it, which is impossible (Prop. V.) : therefdrethe lines EF, 
GH, cannot meet, they are consequently parallel. 

Cor. 1. Hence also, if the angles EBC, GCD.be equal, the 
lines EF, GH will be parallel, that is, if a straight line inter- 
secting two others make an exterior angle equal to the interior^ 
opposite one on Hie same side of the cutting line^ the two lines 
shall be parallel. 

Cor. 2. It follows, too, that if the angles ABE, DCH be 
equal, the lines EF, GH will be parallel, that is, if the alter^ 
nate exterior angles be equals the two lines will be panraJlel. 

Cor. 3. Hence, likewise, if the two exterior angles on the 
same side (as ABE, DCG) be together equal to two ri^t 
angles^ the two lines will be parallel, ' 

Cot. 4. Also, if the two interior angles on the same side (as 
EBC, GCB) be together equal to ttvo right angles^ the two lines 
will be pardllell 

Cor, 5. Therefore two straight lines perpendicular to a 
third are parallel. 

Scholium. 

This last corollary shows the possibility of the existence of 
parallel lines (Post. 4.), and therefore also of the rhonfiboid. 

PROPOSITION XIII. LEMMA. 

If two points in a straight line be unequally distant 
from another straight line, the former, by being 
produced on the side of the least distance, shall con- 
tinue to approach nearer and nearer to the latter, or 
its production, till at length it shall meet it. 
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Let the twopoints F, G in the 
straight line CD be unequally 
distant from the straight line 
AB, then the line CD Sy being 

f>roduced, shall approach nearer and nearet to A B or its pro- 
ongation till it meets it. 

For CDE cannot, at any point of its progress, discontinue 
to approach, and then proceed at equal distance from AB, as is 
manitest from the corollary to Prop. V. ; still less could it, after 
approaching, reverse its direction, and recede from the line 
ABF; for it is the obvious characteristic of a straight line to pre- 
serve invariably 07if direction, however far it be extended,*so that 
if the straight line CD be directed to a point infinitely distant, 
it will, by beinjg infinitely prolonged, at length arrive at, and 
terminate in, tnat pomt, and must necessarily in its progress 
onward pass through every straight line crossing its path ; and 
it is plain, that its continual approach toward any straight line 
i^an indication that such line does cross its path, and must/ 
therefore be eventually intersected by it 

Cor, 1. It therefore follows that if one straight line be pa-- 
railel to another^ it must be every where equidistant from it. 

Cor. % Hence from tlie same point more than one parallel to 
a straight line can/not be drawn. 

Cor. S. - And therefore two straight lines that are parallel to 
the same straight line a/re parallel to each other^ for if they 
could meet, the last corollary would be contradicted. 



PROPOSITION XIV. THEOREM. (Converse of Prop. JCII.) 

If a straight line intersect two parallel lines it will make 
the alternate angles equal. 

Let AD intersect the parallels EF, GH, in B and C ; the 
alternate angles EBC, HCB, are equal. 

For if the angle EBC is not equal 
to the angle HCB, let the angle eBC 
be equal thereto, then since the al- 
tern^ate angles eBC, HCB are equal. 
Be js paraUfel to GH (Prop. XII.) ; 
but by hypothesis, BE is also parallel 
to GH, so that from the same point 
B, tffo parallels to GH are drawn, 
wjhich is impossible (Prop. XIII. 
Cor. S:). Hence the alternate angles EBC, HCB are equal. 
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Cor. 1. Therefore a straight tine intersecting two parallels 
makes the exterior angle equal to the interior opposite one^ on 
. tJie same side of the cutting line. 

Cor. 2. The alternate exterior angles (ABE, DCH) are 
also equal. 

Cor.S. The two exterior angles also (ABE, DCG) on tJte 
same side are together equal to two right angles. 

Cor. 4. Also, a line intersecting two parallels makes the two 
interior angles on the same side together equal to two right 
ajigles. • 

Cor. 5. A line perpendicular to one of two parallels isper^ 
pendicular to the other. 

Cor. 6. Therefore, if to each of two parallels perpendiculars 
be draxsm^ these perpendiculars shall be parallel; for by last 
corollary they are all perpendicular to the same line. 

Scholium. 

These corollaries prove the converse of the corollaries to 
proposition XII. 

PROPOSITION XV. THEOREM. 

Two angles are equal if the sides of the one are parallel, 
each to each, to the sides of the other, and at the 
same time lie each upon that side of the line joining 
their vertices which the parallel side lies on, or else 
each upon the opposite side of that line. 

Let the sides of the angles 
B AC, DEF, be parallel each 
to each, and let AB lie upon 
the same s^de of AE as the 
parallel side ED, and let i 
AC also lie upon the same side of this Hne as EF, the two ^ 
angles are equal. 

For since B A, DE are parallel, the angles 
BAE, DEG are equal (Prop. XIV. 
Cor. 1.). For similar reasons the angles 
C AE, FEG are also equal ; therefore the 
angle BAC is equal to the angle DEF. If 
the parallel sides of the two angles lie upon 
contrary sides of AE, as Ab, ED, Ac, 
EF, it is obvious the angles will sdll be 
equal, for the angle bAC is equal to the 
angle BAC. 
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' PROPOSITION XVI. THEOREM. 

If any side of a triangle be produced, the exterior angle 
will be equal to both the interior opposite angles. 

Let one ofthe sides as BC of the 
triangle ABC be produced, the ex- 
terior angle ACD is equal to both 
the intenor opposite angles A and 
B. 

For let CE be parallel to B A, then is the angle A ecjual to the 

alternate angle ACE (Prop. XIV.), and the angle C is equal to 

the exterior angle ECD (JProp. XIV. Cor. 1.); therefore the 

- sum of the angles A and B is equal to the sum of ACE, ECD, 

that is, to the whole exterior angle ACD. 

Car. 1. Since the angle ACD together with ACB make' two 
right angles, it follows that in every triangle tlte sum of the 
three angles is eqtuil to two right angles. 

Cor, 2. Hence if two amgles in one triangle be equal to two 
in another^ the third a/ngk in the one wiU be equal to the third 
angle in the other. 

Cor, 8. Therefore, and from proposition XI. if two angles 
and any side in one .triangle be equal to two angles and a cor- 
responding side in another^ the triangles wUl be equal. , 

Cor. 4. A triangle cannot fiave more than one angle so great 
as a right angle. 

Cor. 5. And therefore everj/ triangle must have at least two 
acute angles. 

Cor. 6. In a right angled triangle the right angle is equal to 
the sum of the other two. 

Cor, 7. If one of the equal sides of an isosceles ^triangle be 
produced beyond the vertex, the exterior angle wiU be double 
of either angle at the Jmse^ and if the base be produced, the ex- 
terior angle will exceed the interior adjacent angle. 

Cor. 8. From a point witJiout a straight Une^ only one per- 
pendicular to that line can be drawn^ for if 
CD and CE were both perpendicular to AB, 
the exterior angle CFJB would be equal to 
the single interior opposite angle CDE. 

PROPOSITION XVn. THEOREM. 

, In any polygon the sum of all the angles is equal to 
twice as many right angles as the figure has sides^ 
all but f6ur right angles. 
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For if from the vertices of the several angles, lines be drawn 
to any point within the figure, the polygon will 
obviously be divided into as many triangles as it 
has sides. Now, by last proposition, the sum of 
the angles in each triangle amounts to two right 
angles, therefore the angles of all the triangles 
are together equal to twice as many right angles as the figure 
has sides, that is to say, the sum of the angles of the polygon, 
together with those about the point within . it, ^re equal to 
twice as many right angles as the polygon has sides ; but those 
angles which are' about the point, amount to four right angles, 
(Prop. VI. Cor. £. ) deducting t|iese therefore, and there remains 
the angles of the polygon equal to twice as many right angles 
as the figure has sides, all but four right angles. 

Cor. 1. The aTigles qf a quadrilateral are together equal 
to four right angles^ and this is the only figure, the sum of 
wHose angles amount to as many right angles as there are sides 
to the figure. 

Cor. §. If all the angles of a quadrilateral be equals each 
will be a right angle. 

Cor. 3. Tfthe sum qftwo angles qfa quadrilateral be equal 
to two right angles y the sum qfthe remaining two will likewise 
be equal to two right angles ; or if tfie sum of two angles be 
equal to the sum qf the remaining tzvo^ each sum mil amount 
to two right angles. 

Cor. 4. In equiangular figures qfmore than four sides, each 
angle is greater than a right angle. 



PROPOSITION XVIII* THEOREM. 

In any polygon the exterior angles, formed by pro- 
ducing each side, amount to four right angles. 

Let e^h side of the polygon in the margin be produced, the 
exterior angles shall amount to four right angles. 

For each exterior angle, together with 
the adjacent interior an^e, make two right 
angles; so that the sum of all the angles,, 
born interior and exterior, amount to twice 
as many right angles as the^ are sides to 
the figure, and the interior angles alone a 
amount to this sum, all but four right angles 
(Prop. XVII.) ; therefore the exterior 
angles must amount to four right angles. 
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Scholium. 




It is possible for a polygon to have what 
are called re-e7itrant anglet^ such as the angle 
p in the annexed figure, which, if considered 
as an inward angle, must exceed two right 
angles. The consideration, however, of 
angles, as greater than two right angles, 
does not enter into elementary geometry, 
and is, indeed, at variance witn the defini- 
tion of an angle; for an angle attains its 
utmost limit when the opening between its sides cannot be fur- 
ther increased, which will be the case when the two sides arrive 
at that position where they become but one straight line ; so 
that two right angles ^orm the ultimate extent of angular mag- 
nitude. By drawing a line from the vertex of a re-entrant 
angle to a point within the polygon, this angle may be divided 
into two others, each less than two right angles ; and it is plain 
that proposition XVII. is applicable to polygons with re- 
entrant angles, as well as to those having only salient angles. 
The above proposition also applies equally to the former kind 
of polygons; but it must be observed tnat the sides of the 
re-entrant angles must not be produced through their vertices ; 
but, in the opposite directions, for otherwise exterior angles 
will not be formed, but interior ones as shown in the above dia- 
gram. 

PROPOSITION XIX. THEOREM. 

In any triangle the greater angle is opposite to the 
longer side. 

Let the side AC of the triangle ABC be ^ 

lonjger than the side AB, and let AD be 
equal to AB : — join BD. Then, because 
the sides AB, AD, of the triangle ABD 
are equals the angles ADB, ABD, are also 
eaual (Prop. IX.) ; but the angle ADB, being an exterior angle 
ot the triangle BCD, is greater than the angle C (Prop. XVI.) ; 
therefore the angle ABC, which exceeds the angle ABD, must 
necessarily exceed the smaller angle C ; hence the greater angle 
is opposite to the longer side. 

Cor. It follows, therefore, that the less angle is opposite to 
the sliorter side. 
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PROPOSITION XX. THEOREM. {ConvcTse of Prop. IX.) 

In any triangle the longer side is opposite to the 
greater angle. 

In the triangle ABC let the angle C be greater than the angle , 
B, then will the side AB be longer than the side AC. 

For, if AB were equal to AC, the angle 
C would be equal to the angle B. If AB 
were shorter than AC, then would the angle 
C be less than the angle B (Prop. XIX. 
Cor.). As, therefore, AB can be neither 
equal to, nor shorter than AC, it must necessarily be longer. 
Tne longer side, therefore, is opposite to the greater angle. 

Cor. 1. Therefore the shorter side is opposite to tfie less 
angle. 

Cor. 2. I71 the right angled triangle the hypothenuse is the 
longest side (Prop. XVI. Cor. 4.). 

PROPOSITION XXI. THEOREM. 

Any two sides of a triangle are together longer than 
the third side. 

The two sides AB, AC, for instance, of the 
triangle ABC are together longer than the 
third side BC. For, let BA be produced till 
AD be equal to AC, and let DC be joined. 

Then the angle ACD being. eq,ual to the angle D (Prop. 
IX.), the angle BCD must be greater than the angle D ; con- 
sequently the side BD is longer than the side BC (Prop. XX.). 
But BD is equal to BA and AC together; therefore the two 
sides AB, AC, are together longer than BC. 

Cor, Therefore AC is longer than the diflFerence between 
AB, BC; and AB longer than the difference .between AC, 
Be ; that is, any side <ff a triangle exceeds the difference be- 
tween the other two. 

PROPOSITION XXII. THEOREM. 

TThe perpendicular drawn from a point to a straight 
line is shorter than any other line drawn thereto 
from the same point; and those lines wbifih meet 

- c2 
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the proposed line at equal distances from the per- 
pendicular are themselves equal, and the more remote 
from the perpendicular the point of meeting is, the; 
longer is tne line drawn. 
Let PF be perpendicular to the straight 
line AB, and let PD, PE, intercept equal 
distances DF, EF ; let also my other ob- 
lique line PC be drawn. 

First, since the angle PFE is right, PE is longer than PF 
(Prop. XX. Cor. 2.) ; therefore the perpendicumr is shorter 
than anj oblique line. 

Again, since DF, FP, and the included angle are equal to , 
EF, FP, and the included angle PD is eq^ual to PE (Prop. 
VIII.) ; hence lines drawn from P intercepting equal distances 
from tJie perpendicular are equal. 

Lastly, because the triangle PDE is isosceles, as we have just 
shown, the exterior angle PDC is greater than the inward ad- ' 
jacent angle PDE (Prop. XVI. Cor. 7.), and this last is greater 
than the angle PCD (Prop. XVI.) ; therefore PDC being 
^eater than PCD, PC is longer than PD (Prop. XX.) ; that 
IS, th^ more remote from the perpendicular any oblique line falls, 
the longer it is. 

Cor. 1. It follows from this last case that two equal straight 
lines camwt be dratOnJrom a point to a line^ and Jail upon the 
same side of the perperuUadarJrom ihat ppint to the line ; and . 
that, therefore, it is impossible to draw three equal straight 
lines from the sume point to a given straight line. 

Scholium. 

The converse of this proposition immediately follows, that is, . 

First, The shortest line that can be drawn from a point to a 
straight line is a perpendicular thereto ;, for by the first part of . 
the preceding demonstration, if this were not the perpendicular, 
it could not be the shortest line. 

Secondly, If equal lines be drawn from a point to a line, the 
distances intercepted between them and the perpendicular from 
ihat point wiU be equal; for, by the third case of the above, if 
the distances intercepted were unequal, the lines drawn would 
be also unequal 

And, lastly, If unequal lines be drazm, the longer shaUfaU 
more remotely from the perpendicular; for, if it were less re- 
mote it would be shorter, if equally remote, equals as we have 
sk^y proved, 
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Cot\ 2. Hence, if from a point to a line two lin^s be drawn^ 
then^ that which is not 4horter. than the other shuUeivceed amy 
line drawn between them. 

Cor. '3, And the shorter of two lines so drawn shaU be shinier 
than any line drawn 7>eiween them. 

Car. 4. A line drawn Jrom the middle of cmother to a point 
equally distantjrom its extremities^ is a perpendicular thereto ; 
for a perpendicular, from the point to the line, is equally dis- 
tant from its extremities (Schol.). 

Cor. 5. Therefore, ifthrovgh two points^ of which eaeh is 
eauoBy distant from the extremities of a straight line, a sectrid 
Ime be drawn, it shall be perpendicular to the first; for, by 
last corollary, a line from the middle of the former to either 
point is a perpendicular. 

Cor. 6. It, moreover, follows that two right angled triangUs 
are equal, when the hypothenuse andonesidein the one triangle 
Mre respectively equal to the hypothenuse and a side in the other. 

PROPOSITION XXIII. THEOllEM. 

If two sides of one triangle be respectively equal to two 
sides of another, but include a greater angle ; the 
third side of the former shall exceed the third side 
of the latter. 

Let ABC, DEF, be two tri- 
angles having any two sides, as 
AB, AC, in the one, respectively 
equal to two sides DE, DF, in 
the other, while the angle in- 
cluded by the former is greater 
than that included by the latter ; then wHl the third side BC, 
of the former, be longer than the third side EF, of the latter. ^ 

Of the two sides AB, AC, let AC be that which is not 
shorter than the other, let the line AGH make an angle with 
AB equal to the angle D, let AH be equal to DF or AC, and 
let BH, HC, be drawn. 

Since AC is not shorter than AB, it is longer than AG 
(Prop. XXII. Cor. 2.) ; therefore, as AH is equal to AC, the 
extremity H must fall below the line BC. The angles ACH, 
AHC, are equal (Prop. IX.) ; hence the angle BCH is less 
than the angle AHC, and, therefore, necessarily less than BHC ; 
hence the side BC is longer than the side BH (Prop. XX.) ; 
but BH is equal to EF, because the sides AB, AH, and the in- 
cluded angle are respectively equal to DE, DF, and the included 
angle (Prop. VIII.) ; consequently BC is longer than EF. 
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PBOPOsiTioK XXIV. THXOBEM. {Conversc of Prop. XXIII.) 

If two sides of one triangle be respectively equal to two 
sides of another, while the third side of the former 
is longer than that of the latter, the angle included 
by the former two sides shall exceed that included 
by the latter two. 

In the triangles ABC, DEF, 
let the two sides AB, AC, be 
equal respectively to the two sides 
DE, DF; while the side BC ex- 
ceeds the side EF, the angle A 
will exceed the angle D. 

For the angle A cannot be equal to the angle D, for then the 
side BC would be equal to the side EF (Prop. VIIF.) ; nor can 
it be less, for then BC would be less than EF (Prop. XXIII.). 
As, therefore, the angle A can be i^either equal to, nor less than, 
the angle D, it must necessarily be greater. 

• » 

PBOPOSITIOK XXV. THEOREM. 

Two triangles are equal which have the three sides of 
the one respectively equal to the three sides of the 
other. / 

For the angle included between any two sides in the one 
triangle must be equal to the angle included by the two cor- 
responding sides in the other ; since, if it were unequal, the 
opposite sides would be unequal (Prop, XXIII.), which is con- 
trary to the hypothesis ; therefore the three angles in the one 
triangle are respectively equal to the three angles in the other. 

Cor, From tnis, and Prop. VIII, it follows that one quadrUor 
Ural is eqtial to another^ i/'the sides of the one are tespectivfily 
egual to the sides of the other : and ilie angle included by any 
two sides of the one also equal to the angle contained by the 
two corresponding sides of the other. 

PEOPOSITION XXVI. THEOBEM. 

Two triangles are equal, if two sides, and an opposite 
angle in one are respectively equal to two sides ; and 
a corresponding opposite angle in the other, pror 
vided the other opposite angles in each triangle are 
^ther both acute, or both obtuse. 
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In the triangles ABC, DEF, let the sides AB, AC, be re- 
spectively equal to the sides DE, DF, and let the angle C, 
opposite to the side. A B, be equal to the angle. F, opposite to the 
side DE ; then will BC be equal to EF, provided the angles 
B and E are either both acute, or both obtuse. 

First, let B and E be 
acute, then, if the equa- 
lity of BC and EFbe 
denied, one of them as 
EFmust belongerthan 
the other. Let, then, F6 be taken equal to BC, and draw 
DG, which will be equal to AB (Prop. VIII.), and, therefore, 
equd to DE ; consequently the angle E is equal to the angle 
DGE (Prop. IX.) ; DGE is, therefore, an acute angle, but this 
angle, together with DGF, make up two right angles (Prop. 
III.) ; DGF is, therefore, an obtuse angle. But, since the tri- 
angles ABC, DGF, are equal, the angle DGF must be equal 
to the angle B, and, therefore, acute, which is impossible ; so 
that FG cannot be equal to BC, and the demonstration would 
have been the same had BC been supposed longer than EF ; 
these two sides are, therefore, equal. 

Next, let the angles B and ^^ D 

E be obtuse ; then, if EF be 
supposed longer than BC, 
proouce the latter beyond the . 
vertex B, till CG be equal to 

EF :— join AG. Then, as before shown, AG is equal to DE, or 
to AB, and the angle AGC, which is equal to the angle ABG 
(Prop. IX.), is acute, since ABC is obtuse ; but the same 
angle must be obtuse, because the triangles AGC, DEF, are 
equal (Prop. VIII.) which is impossible ; whence EF cannot be 
longer than BC, and had BC been supposed longer than EF a 
similar absurdity would obviously have followed ; hence in this 
case also the sides BC, EF, are equal, and,- therefore, (Prop. 
XXV.) the triangle ABC is equal to the triangle DEF. 

FBOFOSITION XXVII. THEOREM. 

The opposite sides and angles of a rhomboid are equal. 

Let ABCD be a rhomboid, the oppodte sides and angles are 
equal. , 

Draw the diagonal AC, then> since 
AB, DC are parallel, the alternate 
angles BAC, D6A, arc equal (Prop. 
XIV.), and because AD, BC, are 
also parallel^ the alternate angles 
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DAC, BCA, are likewise equal; hence the two angles BAC, 
DAC, are together equal to the two angles DCA j BCA ; that 
IS, the opposite angles BAD, DCB, are equal. Again, since 
the angles BAC, BCA, and the interjacent side of the triangle 
ABC are respectively equal to the angles DC A, DAC, and 
the inteijacent side of tne triangle CDA, the triangles are 
equal (Prop. XI.) ; therefore the side AB is equal to the side 
CD, the side BC to DA, and the angle B to the angle D ; 
hence, in a rhomboid, the opposite sides and angles are equal. 

Cor. 1. From this proposition, and Cor. 3. to Prop. XVII., 
it follows, that if one angle of a rhomboid be rights aU the 
angles will be right, 

Vor. 2. Therefore in the rectangle and square (see Defini- 
tions) aU the angles are rights and in the latter all the sides 
are equal. 

"Cor, 3. The diagonal divides a rhomboid into two equivalent , 
triangles. 

Cor. 4. Parallels hwluded between two other parallels are 
equal. 

PROPOSITION XXVIII. THEOREM. {Couverse of Prop. 
XXVIL) 

If the opposite sides of a quadrilateral be equal, or if 
the opposite angles be equal, the figure will be a 
rhomboid. 

In the quadrilateral ABCD let the opposite sides be equal, 
the figure will be a rhomboid. 

Let the diagonal AC be drawn, 
then the triangles ABC, ADC, are 
equal, since the three sides of the one 
are respectively equal to those of the 
other (Prop. XXV.) ; therefore the 
angles BAC, DCA, opposite the equal sides BC, DA, are 
equal ; tlierefore DC is parallel to AB ; the angles ACB, CAD, 
opposite the equal sides BC, DA, are also equal ; .BC is, there- 
fore, parallel, to AD (Prop. XII.) ; hence ABCD is a rhom- 
boid. 

Next, let the opposite angles be equal. 

Then the sum of the angles BAD, ADC, must be equal to 
the sum of the angles DCB, CBA ; therefore each sura is 
equal to two right angles (Prop. XVII Cor. 3.); therefore 
AB, DC, are parallel (Prop. All. Cor. 8.). For similar 
reasons AB* BC, are parallel ; therefore the figure is a rhom- 
boid. 
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PROPOSITION XXIX. THEOREM. 

If two of the opposite sides of a quadrilateral are both 
equal and parallel, the figure is a rhomboid'. 

In the quadrilateral ABCD (preceding diagrion), let AB be 
equal and parallel to DC, then will ABCD be a rhomboid. 

For the diagonal AC makes the alternate angles B AC, DCA, 
equal (Prop. XlV.); so that in the triangles ABC, CD A,, 
two sides, and the included angle in each are respectively equal ; 
these triangles are, therefore, equal (Prop. VIII.), the angle 
ACB is, therefore, equal to the angle CAD ; hence AD is 
parallel to BC (Prop. XII.^, and the other two sides are 
parallel by hypothesis ; thererore ABCD is a rhomboid. 

Cor, If^ in addition^ the parallel sides be each eqiud to a third 
side^ the rhomboid will be eitJier a rTiombus or a square^ ac- 
cording as it haSf or ha>s not^ a figfit angle. 

Scholium. ^^ 

It has been proved (Prop. VIII.) that two triangles are equal 
when two sides, and the included angle in the one are respec 
lively equal to two sides, and the included angle in the other ; 
we mav now infer further, that two triangles are equivalent, or 
equal tn surfa4^e, when two sides of the one are respectively ^qual 
to two sides of the other, and the sum of the included angles 
equal to, two right angles. 

For, let the triangles ADC, BCD, 
having two sides AD, DC, in the one 
equal to the two BC, CD, in the other 
be placed as in the margin, a side of 
the one coinciding with me e<jual side 
in the other; let also the mcluded 
angles ADC, BCD, be together equal to two right angles, and 
let AB, BD, be drawn. 

Then, since the angles ADC, BCD, are together equal to 
two right angles, the lines AD, BC, are parauel (Prop. XII. 
Cor. 3.), but they are also"equal by hypothesis ; hence, by the 
above .proposition, the figure ABCD is a rhomboid; now, the 
triangle ADC is half the rhomboid (Pl-op. XXVII. Cor. 3.), 
so aGo is the triangle BCD; these triangles are, therefore, 
equivalent. 
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PEOF087TION XXX. THEOREM. 

The diagonals of a rhomboid bisect each other. 

The diagonals AC, BD, of the rhomboid ABCD are mutu- 
ally bisected in the point P. 

For, since AB, CD, are parallel, o n 

the angles P AB, PB A, are respec- 
tively equal t6 the angles PCD, 
PDC (Prop. XIV.), and AB being 
also equal to CD, the triangles 
PAB, PCD, are equal (Prop. 
XL) ; therefore the sides AP, CP, opposite the equal angles 
ABP, CDP, are equal, as also the sides BP, DP, opposite 
the other equal angles. The diagonals of a rhomboid, there- 
fore, bisect each other. 

PROPOSITION XXXI. THEOREM. (Convevse of Prop. XXX.) 

If the diagonals of a quadrilateral bisect each other, the 
figure is a rhomboid. 

If the diagonals AC, BD (preceding diagram), bisect each 
other, ABCD is a rhomboid. 

For the two sides AP, PB, and included angle being equal 
to the two sides CP, PD, and included angle, the side AB is 
equal to the side CD (Prop. VIII.). For similar reasons AD 
is equal to CB ; hence (Prop. XXVIII.) the quadrilateral is a 
rhomboid. 
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1. The altitude of a triangle is the distance of one of its 
sides, taken as a base, from the vertex of the opposite angle. 

The perpendicular AD from the vertex A 
to the base BC, is the altitude of the triangle 
ABC. 



2. The altitude of a rhomboid is the 
distance of one of its sides, considered as 
a base, from the opposite side. 

3. The altitude of a trapezium is the 
dii^tance between its parallel sides. 




7 



4. A rectangle is said to be contained by its adjacent sides. 

The rectangle ABCD is contained by 
the sides DA, AB. For brevityit is often 
referred to as the rectangle of JO A, AB. 




5. If, within a rhomboid, two straight lines parallel tc^ the 
adjacent sides be drawn so as to intersect the aia^nal in the 
same point ; then, of the four rhomboids into which the figure 
is divided, those two through which the diagonal passes are 
said to be iAout tlie diagonal^ and the other two are called their 
complements. 
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Thus, of the four rhomboids into 
which the lines HF, IE, divide, the 
rhomboid ABCD, HGID, and EBFG 
are aboUt the diagonal, and AE6H, 
6FCI, are the complements. 

In referring to a rhomboid it will be sufficient to employ the 
letters placed at two opposite comers. 

PROPOSITION I. THEOREM. 

The complements of the rhomboids about the diagonal 
of a rhomboid are equivalent. 

Thus, in the above diagram, the rhomboids AG, GC, are 
equivalent. 

The triangle ABD is equal to the triangle CDB ; the tri- 
angle HGD to the triangle IDG, and the triangle EBG to the 
triangle FGB (Prop. XXVII. Cor. 3.) ; take the triangles 
HGD, EBG, from the triangle ABD, and there will remain 
the rhomboid AG ; take, in like manner, from the other half 
of the rhomboid AC the triangles IDG, FGB, equal to the 
former two, and there will remain the rhomboid GC \ these 
rhomboids, therefore, are equivalent. 

PROPOSITION IK THEOREM. 

Rhomboids are equal which have two sides, and the 
included angle in each equal. 

Let the sides AB, AD, and the angle A in the rhomboid 
AC be respectively equal to the sides EF, EH, and the angle 
E in the rhomboid EG ; these rhbmboids are equal. 

For the opposite sides 
ofrhomboidsDeingequal, 
it follows that the four 
sides of the rhomboid AC a^ 
are respectively equal to 
those of the rhomboid EG; therefore, since the. angles A and 
C are also equal, the two rhomboids ate equal (Prop. XXV. 
Cor. B. I.) 

Cor. l.Ifa rfiomboid and a trian^ have two sides^ and the 
included angle in tfie one respective!^ equal to two rides and 




Digitized by 



Google 



BOOK II. 29 



ihe included angle in the other ^ the rJiomhotd wUl be double fhe 
tridn^ (Prop. XXVII. Cor. 3. B. I.). 

Cor, 2. Rectangles contained by equal lines are egtud. 



PROPOSITION HI. THEOREM. 




Rhomboids which have the same base and equal alti* 
tudes are equivalent. 

Let the rhomboids AC, AE, sUmding upon the same base 
AB, have equal altitudes ; or, which amounts to the same thing,, 
let ihe opposite sides DC, FE, lie in the same line DE parallel 
to the base (Prop. XIII. Cor. 1. B. I.) ; these rhomboids are 
equal. 

For DC is equal to FE, ^ach being 
equal to AB (Prop. XXVII. B. I.) ; 
consequently DF is equal to CE : and 
since DA, AF, are respectively equal 
to CB, BE, the triangle ADF is equal 
to the triangle BCE. Take the former 
triangle from the quadrilateral ABED, 
and there will remain the rhomboid AE ; 
take the latter -triangle from the same space, and there will 
remain the rhombcnd AC ; these rhomboids are, therefore, 
equivalent. 

Cor. 1 . Rhomboids whose basses and dUitudes are respectively 
equal are equivalent j for the equal bases being placed the one 
upon the other must coincide. 

Cor. 2. Triangles whose ba^es a/nd altitudes are respectively 
equal are equivalent^ as they are the halves of equivalent 
rhomboids (Prop. XXVII. Cor. 3. B. I.). 

Cor, 3. Every rhomboid is equivalent to a rectangle of equal 
base and altitude. 

Cor. 4. A line bisecting the opposite sides of a rhomboid 
divides the rhomboid into two equal parts; and a line from the 
middle of amy side of a triangle to the vertex of the ^op^, 
posite affile divides the triangle into two equal parts (Cor. 1 
and ^). 

Cor. 5. Therefore a triable is equivalent to a rhomboid of 
equal base and of half its altitude, or to one of equal altitude 
and of half its base. 

Scholium. 
1. it is very evident that the converse of the above proposi* 
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tioii is iiot true, that is to say, it cannot be inferred that two 
equivalent rhomboids shall have their bases and altitude^ equal ; 
for it has been shown (Prop. 1.) that the rhomboids AG, GC, 
are equivalent (see the diagram), where the base GF must be 
longer than the base G£, provided BA is longer than AD, 
for then the angle ADB bein^ greater than ABD (Prop. XIX. 
B. I.), the angle £GB, which is equal to ADB, is greater 
than £BD ; consequently £B is longer than £G, but £B is 
equal to GF, therefore GF is longer thjin GE. 

2. It is however, true, that equivalent rhomhoids upon the 
same base have equal altitudes^ for if the altitude of one be 
supposed less than that of the other, and the side opposite its 
base be prolonged, a portion of the other rhomboid must be 
cut off thereby, and the remaining portion still be eoual to the 
former rhomboid, by the proposition, which is absura ; the alti- 
tudes therefore are equal. Having shown this^ we may further 
prove that equivalent rhomboids of equal altitudes have also 
equal baseSy tor they are equivalent to rectangles of the same 
bases and altitudes : now any side of a rectangle may be con- 
sidered as the base ; taking then those sides as bases which are 
equal to the altitude of the rhomboids, the other sides or al« 
titudes are, as shown above, eqiial, and these altitudes are the 
bases of the rhomboids : the bases are therefore equal. 

Cor. 6. Hence, equivalent triangles whose bases are equals 
have equal altitudes ; and equivalent triangles whose altitudes 
are equal, have equal bases (Cor. 5.). 



PROPOSITION IV. THEOREM. 



If there be two straight lines of which one is diyided 
into parts, the sum of the rectangles contained by 
the" undivided line, and the several parts of tlie 
other, will be equal to the rectangle contained by the 
two whole lines. 

Let the lines be AB, AC, of which the former is divided 
into the parts AD, D£, £B, then the rectangles contained by 
AC, and each of these parts, are together equal to the whole 
rectangle AH, contained by AB, AC. 

Let DF, EG, be parallel to AC, then 
the angles FD£, G£B, being each equal 
to the angle A, the rhomboids AF, DG, 
£H, are rectangles, and DF, EG, being 
each equal to AC (Prop. XXVII. Cor. 
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4s. B. l.)j these rectangles are contained by AC, and the several 
parts of AB, and as they make up the whole rectangle AH, 
they are together equal to it. 

Vor. The squa/re of aline is equivalent to twice the rectangle 
of ike whole line and the half thereof 

PROPOSITION V. THEOREM. 

If a straight line be divided into two parts, the square 
described upon the whole line shall be equivalent to 
the squares on the two parts, together with double 
the rectangle contained by those parts. 

The square ABCD upon the linp AB, is equivalent to the 
-squares upon any two parts AE, EB, into which the line 
is divided, together with double the rectangle contained by 
them. 

Let EG be parallel to BC, BH equal to 
BE, and HFI parallel to BA. Then the 
opposite sides of the figure EH being pal 
rallel, and the angle B being right, EH 
is a square. Again, because AG is a 
square, the lines IH, EG, parallel to its 
sides are equal (Prop. XXVII. Cor. 2 and 
4. B. I.) ; if then from each, the equals 
FH, FE, be respectively taken, the remainders IF, FG, will be 
eqiial, and F bemg arignt angle, FD is a square ; hence the con- 
taining sides of the rectangle AF are equal to those of the rect- 
angle FC, consequently the square AC includes the squares on 
DG, (or AE) EB, together with double the rectangle contained 
by AE, EB. 

Cor, The square of a line is equivalent to four times the 
square of haJf the line. 

PROPOSITION VI. THEOREM. ' 

The square described on the difference of two lines is 
equivalent to the squares on the two lines diminished 
by twice their rectangle. 

The square upon AB, the difference of the two lines AC, 
BC, i^ equivalent to the squares on these lines, diminished by 
twice their rectangle. 
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Let AD be the square on AB, BF the square on BC, and 
AI the square on AC, and let ED be produced to H. 

The adjacent angles GBC, CBD being 
right angles, BD is the continuation of GB, 
(Frop. IV. B. I.) ; CILfor a similar reason 
IS the continuation of FC, and the figure 
GH is a rectangle. Again, since DH is 
equal to FG, or GB, EH is equal to DG ; 
also EE is equal to BC or GF, each being 
the excess of a sid^ of the souare AI above 
a side of the square AD ; nence the rect- 
angle EI is equal to the rectangle GH ^ ^ 
(Prop. II. Cor. 2.), consequently the square on AB is equivalent 
to the squares on AC, BC, diminished by twice the rect&ngle 
ofAC,BC. 



A' B 
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PROPOSITION VII. THEOKEM. 

The difference of the squares of any two lines is equi- 
valent to the rectangle contained by the sum and 
difference of those lines. 

The difference of the squares of the two lines AC, AB, is 
equivalent to the rectangle contained by AC, BC, their sum 
and difference. 

Let AD be the square on AC, and AG the square on AB, 
' and produce FG to H, then BH is the rect- 
angle of AB, BC ; also, since FE is equal to 
BC, each being the excess of a side of the 
square AD, above a side of the square AG, 
the rectangle FD is contained by fines equal 
to AC, BC ; and the two rectangles BH, FD 
are therefore together equal to the rectangle 
contained by the sum AB, AC of the two lines, and their 
difierence BC (Prop. IV. B. II.) and these rectangles make up 
the excess of AD albove AG. 



ji, J H 
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PROPOSITION VIII. THEOREM. 



The sum of the squares on two lines is equivalent to 
half the square on their sum, together with half the 
square on their difference. 
The squares on the two lines AB, AC, are together equiva- 
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lent to half the square on their sum, and half the square on 
BC their difference, s 

Let AGr be the square on AB, and AD the square on AC, 
and through P, the middle of BC, let LH, parallel to EA, be 
drawn, meeting FG produced in H ; make PI equal to PH, 
and draw IK parallel to PC. 

Since the angles at A are right, E AF is e l ^d 

a straight line, so that EH is a rectangle, 
and it is contained by lines equal to the 
sum of AC, AB, and half that sum AP ; 
It is therefore equal to half the square 
of the sum AC, AB (Prop. IV. Cor). 
Again, IP, PC, being equal, by con- 
struction, to PH, PB, the rectangles 
PK, PG, are equal; hence the two 
squares AD, AG, are together equiva- 
lent to the two rectangles EH, LK ; now, CK being equal to 
BG or BA, KD is equal to BC, for EC is a square, the rect- 
aifgle LK is thus contained by lines equivalent to BC, and the 
half thereof PC, and is consequently equal to half the square 
on BC ; it therefore follows that the squares AD, AG, are 
together equivalent to half the square on the sum of AC, AB, 
and half the square on BC, the difference of AC, AB. 

Cor. Hence, twice the sum of the scares of two lines is 
equivalent to the squares of their sum and difference. 



a 



PROPOSITION IX. THEOREM* 

A trapezium is equivalent to a rectangle contained by 
its altitude, and half the sum of its parallel sides. 

The trapezium ABCD is equivalent to the rectangle ccm- 
tained by its altitude, and the sum of its parallel siaes AB, 
DC. ' ^ 

Produce DC and AB till 
CF be equal to AB, and BE 
to DC, and join EF, complet- 
ing the rhomboid AF (Prop. 
XXIX. B. I.). 

The four sides of the quadrilateral AC are respectively 
equal to those of the quadnlateral FB, and at the same time 
the angle A is equal to the angle F (Prop. XXVII. B. I.) ; 
therefore these quadrilateralsare equal (Prop. XXV. Cor. B. I.>. 
Hence the trapezium AC is eqiiivalent to half the rhomboid 
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AF, or to a rectangle of the same altitude, and half the base 
AE (Prop. IIL Cor. 3. B. II.), that i8,nhe trapezium is equi- 
valent to a rectangle of the same altitude, and whose base is naif 
the sum of the parallel sides. 

Cor. If two points equcHy distant Jrom the opposite comers 
of a rhomboid be taken on ike opposite sides^ the line which 
joins them divides the rhomboid into two equal parts. 




PROPOSITION X. THBOREM. 

The squares described on the two sides of a right angled 
triangle, are together equivalent to the square de- 
scribed on the hypothenuse. 

Let the triangle ABC be right angled at A, then the sum of 
the squares AG, AD, described on the sides, will be equal to 
the square on the hypothenuse BC. 

Produce GF, DE, tiU they 
meet at H; let BI, CK, be 
each perpendicular to BC, and 
join IE. Because CBI,ABG, 
are both right angles, if ABI 
be taken from eacn, there will 
remain the angle CBA equal 
to the angle IBG; and AG 
being a square, AB is equal to 
BG; therefore the triangle 
BGI is equal to the triangle 
BAC (Prop. XI. B. I.). Exactly in a similar manner may it be 
shown that the triangle CDK is also equal to the triangle BAC ; 
hence BI, BC, CK, are all equal ; therefore BK is a square, 
IBC being a right angle. Again, since the sides HI, IK, are 
respectiyeiy parallel to the sides AB, BC, and lie on the same 
•side of IB, tne angle HIK is equal to the angle ABC (Prop. 
XV. B. I.) ; for similar reasons, the angle HKI is equal to the 
anele ACB, the side IE is also equal to BC ; hence the triangle 
HIE is equal to the triangle ABC (Prop. XI. B. I.). It has, 
therefore, now been proved that the three triangles BGI, IHE, 
EDC, are equal to each other, and to the triangle ABC ; it 
follows, therefore, that the square on BC is equivalent to the 
whole space BGHDC, diminished by three times the triangle 
ABC. Now, the rectangle AH contained by the sides AE, 
AF, equal to AC, AB, is double the triangle ABC (Prop. II. 
Cor. 1. B. 11.) ; hence the squares AG, AD, are together 
likewise equal to the whole space BGHDC, diniinished by three 
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times the^ triangle ABC ; eoiwequently these two squares are 
"equivalent to the square on BC. 

Cor. 1. Hence the square on either side of a right angled 
triangle is equivalent to the square on the hypotJientuey dimi-- 
nished by the square on the ofher side. 

Cor. 2. Hence, also, Ae square of a side is equivalent to the 
rectangle contained by the sum and difference of the hypo-* 
thenuse and other side (Prop. VIL). 

Cor. S. The square on the diagonal of a square is double the 
square on a side. 

Cor. 4. The squares of the sides of a rectangle are together 
equivalent to the squares of the diagonalsp 

Cor. 5. If a triangle be divided into two right angled tri- 
angles by means of a perpendicular from the vertex to the base, 
then, eance the sauare of each h3rpothenuse is equivalent to the 
square of the aajacent portion of the base, together with the 
square of the perpendicular, it follows, that in any triangle the 
difference of the squares of the sides^is equivalent to the d^ 
Jtrence of the squm-es of the parts into which the perpendicu&r 
Jrom the vertex divides the base. 



PROPOSITIOK XI. TUEOBEM. 

In any triangle, the square of a sid^ opposite an acute 
angle is less than the squares of the base and of the 
other side, by twice the rectangle contained by the 
base and the part of it included between the per- 
pendicular and the vertex of the acute angle. 

In the two triangles ABC, let BC in each be considered as 
base ; then, whether the perpendicular AD fall within or with- 
out the triangle, ^he square of AB opposite the acute angle C 
shall in either case be equivalent to the squares of AC, BC^ 
diminished by twice the rectangle of BC, ClD. 

The square of 
AB is equivalent 
to the squares of 
BD, DA (Prop. 
X.) ; now, BD is 
the difference of 
the two lines BC, 
DC ; the square of 

BD is, therefore, equivalent to the squares of BC, DC, dimi- 
nished by twice the rectangle of BC, DC (Prop. VI,). Hence 
the square of AB is equLvalent to the squares of the three lines 

i>2 
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AD, BC, DC, diminiBhed by twice the rectangle of BC, DC, 
that is (Prop. X.), to the squares of AC, EC, diminished by 
twice the rectangle of BC, DC. 

PROPOSITION XII. THEOREM. 

In any txiangle having an obtuse angle, the square of 
the side opposite thereto exceeds the squares of the 
base and other side, by twice the rectangle of the 
base and the distance of the perpendicular from the 
vertex of the obtuse angle. 

In the triangle ABC, let B be an obtuse angle, AD the per- 
pendicular on the prolongation of the base BC, then will the 
square of AC be equivalent to the squares of AB, BC, together ' 
with twice the rectangle of CB, BD. 

For the square of AC is equivalent to the 

Suares of CD, DA (Prop. X.), and the square 
CD is equivalent to the squares of CB, BD, 
together with twice the rectangle of CB,.BD 
(Prop, v.); therefore the square of AC is 
equivalent to the squaresof the three lines CB, 
BD, DA, and twice the rectangle of CB, BD, 
that is, to the squares of CB, BA, and twice the rectangle of 
CB, BD. 

Cor, 1. From the two last propositions the converse of pro- 
position X. immediately follows, that is, if the square of amy 
side of a triangle be equivalent to the sum of the squares of the 
other two sides^ the an^le opposite the former sfudl be right ; 
for these proportions snow, that if such equivalence exist, the 
angle can neither be acute nor obtuse. 

Cor. 2 We may, moreover, readily infer the converse of 
these two propositions themselves, that is, first, if in the trir- , 
a/ngle ABC (see the diagrams to Prop. XI.) the square of AB 
is equivalent to the squares of AC^ BCt diminished by tzvice 
the rectangle of BC^ CD, the angle C shaO be acute; for by 
the above proposition and proposition X., if this angle were 
either obtuse or right, the said equivalence could not exist. 
Again, if in the triangle ABC the square of AC is equivalent 
to the squares of AB^ BCy together with twice the rectajigle of 
CB^ BD, the angle B opposite AC shall be obtuse ; for by last 
proposition, and proposition X., this angle can neither be acute 
nor right. 

Scholium. 

The last corollary may< obviously be expressed in a more 
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unrestricted form, thus : If ike square of any side of a triangle 
is Um than ^ sum of the squares qftlie (Xher trvo sides^ the 
angle opposite thejbrmer side is acute, but if it is greater 
than that sum^ the opposite angle is obtuse, . 

PROPOSITION XIII. THEOBEM. 

The squares of the sides of a rhomboid are together 
equivalent to the squares of the diagonals. 

In the rhomboid ABCD, the squares of AB, BC, CD, DA, 
are together equivalent to the squares of AC, BD. 

The truth of this for the rectangle 
has already been established (Prop. 
X. Cor. 4.). Let then the angles 
ABCj ADC, be obtuse, and conse- 
quently the other angles acute. 

Let BF be perpendicular to DC^ and CE perpendicular to 
the production of AB.' 

Then, by last proposition, the square of AC is equivalent to 

the squares AB, BC, together with twice the rectangle of AB, 

Be ; and (by Prop. XL) the square of DB is equivalent to the 

squares of BC, DC, diminished by twice the equal rectangle 

^ DC, FC : for DC. FC, are respectively equal to AB, BE. 

Hence, adding the squares oi AC, BD, together, the sum is 
equivalent to the squares of AB, BC, CD, DA. 

Cor. 1 . Half the sum of the squares, that is, the squares of 
AB, BC, or of DC, CB, is equivalent to half the squares of 
BD, CA, that is, to twice the squares of BP, CP, (Prop. V. 
Cor.) ; hence, in any triangle^ ^whether having an obtuse angle^ 
as ABC^ or fiaving all its a/ngles acute, as DBCj the sum of 
the squares of the two sides is equivalent to twice the squa/res 
of half the base, and of the Unefroni the vertex to the middle of 
the base. 

Cor. % Hence also, inany triangle, tlie Squares on the sum 
ofnd diffisrence of the sides are equivalent to the squares of this 
base, and of twice the l%ne<ffom the vertex to the middle of the 
base. (Prop* VIII. Cor.). 

FROPbsitioN xivi THEOREM. (Convcrsc ofProp.XIIL) 
If the squares of the sides of a quadrilateral be together 

equivalent to the squares of the diagonals, the figuris 

shall be a rhomboid. 
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tn the quadrilateral ABCD, let the squares of the sides be 
equivalent to the squares of the diagonals^ the figure is^ rhom^ 
bold. 

K it be not a rhomboid, the diagonals AC, BD, cannot bi- 
sect each other (Prop. ^SLXXI. B. I.), let then m be the middle 
of AC, and n the middle of BD ; join Dm, mB, and mn. 

Then, by Cor. 1 . last proposition, 
thesquares of AD,DC,are together 
equivalent to twice the squares of 
Arrij Dm ; ^and the squares of AB, 
BC, are togethereqidvalentto twice 
the squares of Cm, Bm; it there- 
fore follows, that the squares of the four sides are equivalent to 
the squares of AC, and twice the squares of Dm, Bm» But, by 
hypothesis, the squares of the sides are equivalent to thesquares 
of AC, BD ; hence this latter square must be equal to twice 
the squares of Dm, Bm : but these are equivalent to the square 
of DB, together with four times the square ofmn (Prop. A^III. 
Cor. I.); hence mn can have no value, that is, the middle of 
each diagonal must be one commonpoint : therefore the figure 
is arhombdid. (Prop. XXXI. B. I.) 

Scholium. 

The converse of the corollaries to proposition XIII. do not 
obtain. It will be sufficient to show this, with respect to the 
first corollary, the converse of which is as follows : if the sum 
of the squares of two sides of a triangle be equivalent to twice 
the square of a line, from the vertex to the base, together with 
twice the square of one of the parts, into which it divides the 
base ; the base shall be divided in the middle. 

Let AD be the perpendicular from 
the vertex to the oase of the triangle 
ABC, let DE be equal to BD^ join 
AE, and let M be the middle of 
EC; then if AM be drawn, the 
squares of AC, AE, will be equiva- 
lent to twice the squares of AM, 

CM, but the square of AE is equal to the square of AB, since 
DE is equal to BD ; therefore the squares of AC, AB, are 
equivalent to the squares of AM, CM, although M is not the 
middle of the base BC 
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DEFINITIONS. 

1. Every line which is not straight is called a curve line. 

2. A circle is a space enclosed oy a curve line, every pdint 
in which is equally aistant from a point within die figure; which 
point is callea the centre. 

3. The boundary of a circle is called its circumference. > 
4« A, radius is a line drawn from the centre to the circum- 
ference. 

5. A diameter is a line which passes through the centre, and 
has its extremities in the circumierence. 

A diameter, therefore, is double the radius. 

In the circle AEFBD, of which Cis 
the centre, CD is the radius, and AB 
the diameter. 

6. An arc is any portion of the cir- 
cumference. 

7. The chord of an arc is the straight 
line joining its extremities. It is said 
to subtend the arc. 

8. A seffment of a circle is the por- 
tion included by an arc and its chord. 

The space EFOE included by the arc EFG, and the chord 
EG is a segment ; so also is the space included by the same 
chord and the arc EADBG. 

9' A sector of a circle is the portion included by two radii 
and the interested arc 

The space CBDC is a sector of the circle. 

10. A tangent is a line which touches the circumference, that 
is, it has but one point in common with it, which point is caUed 
the pcini of contact. 

11. One circle touches another when thar circumferences 
have one jpoint in common, and only one. 

IS. A line is inscribed in a wcle when its extronities are in 
the circumference. 

19. An angle is inscribed in a cirde when its sides are in- 
scribed. 
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14. A polygon is inscribed ia a circle when its sides are 
inscribed, and under the same circumstances the circle is said 
to circumscribe the polygon. 

Thus AB is an inscribed line, ABC 
an inscribed angle, and theftgureABCD 
is an inscribed quadrilateral. 

15. A circle is inscribedin a polygon 
^dien its circumference touches each 
side, and the polygon is said to be cii'- 
cumscribed ahout the circle, 

16. By an angle in a segment of a 
circle is to be understood, an angle 
whose vertex is in the arc, and whose 
sides intercept the chord ; and by a/n a/ngle at the centre is 
meant one wnose vertex is at the centre. In both cases the 
angles are said to be subtended by the chords or arcs which 
their ddes intlude. 




POSTULATE. 



From any point as a centre with any radius, a circumference 
■ may be described. 

PROPOSITION 1, THEOREM. ' 

A diameter divides a circle and its circumference into 
two equal parts ; and, corwersely, the line which 
divides the circle into two equal parts is a diameter. 

Let AB be a diameter of the circle AEBD, then the portions 
jJlEB, ADB, are equal both in surface and boundary. 

Suppose the portion AEB were to be 
applied to the portion ADB, while the 
line AB still remains common to both, 
there must be an entire coincidence; for 
if any part of the boundary AEB were 
to fall either within or without the bound- 
ary ADB, lines from the centre to the 
circumference could not all be equal. 
Therefore a diameter divides the circle 
and its circumference in two equal parts. 

Conversely y the line dividing the circle into two equal parts 
is a diameter. 

For, let AB divide the cirde into two equal parts, then, if 
the centre is not in AB, let AF be drawn through it, which i§. 
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therefore, a diameter^ and, consequently, divides the circle into 
two equal parts ; hence the portion AEF is equal to the porUon 
AEFB, which is absurd. 

Cor. The afc of a circle^ whose chord is a diarneter, is a 
semi-circumference, and the vncluded segment is a seminArcle. 

PEOPOSITION II. TUEOBEM. 

Any line inscribed in a circle lies wholly within the 

circle. 

Let the line AB have its extremities in the circumference of 
a circle, whose centime is C ; this line shall lie whoUy within the 
circle. " 

For, to whatever point D, between 
the extremities of AB, a line CD 
from the centre be drawn, it must be 
shortertbanCAorCB (Prop. XXII. 
Cor. 2. B. I;); AB, therefore, lies 
wholly within the circle. 

C&f\ Every point, moreover, in tlie productum of AB is 
farther from the centre than the drcumference. 

PROPOSITION III. THEOBEM. 

In the sam)3, or in equal circles, equal angles at the 
centre are subtended by equal arcs. 

Let C be the centre of a circle, and let the angle ACB be 
equal to the angle ECD, then the arcs AB, ED, subtending 
these angles are equal. 

Join AB, ED. 

Then the triangles ACB, DCE, 
having two sides and the included angle 
in the one, equal to two sides and the 
included an^te in the other, are equal ; 
so that if ACB be applied to DCE, 
there shall be an entire coincidence, the 
point A coinciding with D, and B with 
£ ; the two extremities, therefore, of the 
arc AB thus coinciding with those of 
the arc DE ; all the intermediate parts 

must coincide, inasmuch as they are all equally distant from 
the centre. 

Cor. 1. It follows, moreover, that equal angles at the centre 
are subtended by eqtial chords. 
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C or. 2. If tlie angle at the centre qfa circle be bisected^ both 
the arc and tfte chord which it etibtends ehcUl ciUo be bisected. 

Scholium. 

The above reasoning obviously applies to the case of equal 
circles^ as the one would entirely coincide with the other. 

PROPOSITION IV. THEOREM. {ConvcTse of Prof. III.) 

In the same circle equal arcs subtend equal angles at 
the centre. 

For, let the arc AB be equal to the arc DE, then is the angle 
ACB equal to the angle DCE. 

For, if the arc AB were to be ap- 
plied to the arc DE, they would co- 
incide ; so that the extremities AB of the 
chord AB would coincide with those of 
the chord DE j these chords are, there- 
fore, equal: hence the angle ACB is 
eqorflto the angle DCE (Prop. XXV. 
B. L). ^ 

Cor. 1. Eguai chords subtend equal angles at the centre. 

Cor. 2. TTierefore eqtud chords subtend equal arcs; andy 
conversely, equal arcs are subtended by equal chords. 

Cor. 3. The angle at the centre^ subtended by half a semi- 
wvwr^erencey is a right angle i for the adjacent angles sub- 
tended by the two halves are equal. 

ScholiunK 
Similar reasoning evidently applies to equal circles^ 

^-PROPOSITION Vi THEOREM. 

A perpendicular from the centre of a. circle to any 
chord bisects it, and also the arc which it subtends. 

The perpendicular CDE, frrai the centre C to the chord 
ABj bisects AB. 



For, if CA, CB be drawn, these lines 
will be equal ; therefore their extremities 
A, B are equally distant from the pet- 
pendicular (Prop. XXII. Schol. B. I.): ^> 
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It> moreover, follows (Pro. IX. Cor. 1, R I.) that the ande 
ACB is bisected by CDE; therefore, also, the arc AEB i&hu 
sected (Prop. III. Cor. g.). 

Cor. ]. Since the perpendicular, from the centre, loins the 
centre with the middle ot the chord, or with the middle of the 
arc, it follows, conversely, that the line joining the centre , and 
middle of the chords or the middle of the aro^ must be perpendi^ 
cular to the chord. 

Cor. 2. And a perpendicular^ through the middle qf the 
chord, passes ihrough the centre, and through the middle of 
the arc, bisecting the angle which it subtends at the centre. 

PROPOSITION VI. THEOREM. 

Equal chords are equidistant from the centre of the 
circle, and, conversely, equidistant chords are equal. 

In the circle ABED, let the chords AB, DEbe equal, then 
the pespendiculars CF, CG, from the centre, shall hieewise be 
equal. 

For, since the chords are bisected in 
F and G, (Prop. V.) AF is equal to 
DG; therefore the richt angled tri- 
angles AFC, DGC, havmg the hypothe- 
nuse and a side in each equal, are equal 
(Prop. XXII. Cor. 6. B. I.); ther^ore 
CF is equal to CG. 

Conversely, if the distances CF, CG 
are equal, men, in the right angled, tri- 
angles AFE, DGE, there will be the 
hypothenuse AC, and a side CF in the one, equal to the hypo- 
tfaenuse DC and a side CG in the other ; therdbre AF is equal 
to DG : consequently AB, the double of AF, is equal to DE| 
the double of DG. 

PROPOSITION VII. THEOREM. 

The longer the chord is, the nearer it is to the centre } 
and, conversely, the nearer any chord is to the 
centre, the longer it is. 

Of the two chords AB, DE, let BE be the longer, then 
shall DE be nearer to the centre than AB ; that is, the per- 
pendicular CG shall exceed the perpendicular CF. 

For, let CB, CE be joined. 

Then the triangles BFC, EGG, being right and^ed, and 
having equal hypothenuses CB, CE, the squares of CFp^FB, 
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ate together equivalent to the squares of 
CG, GE, (Prop. X. B. IL). But the 
square of GE, the half of DE, (Prop. V. 
B. III.) exceeds the square of FB, the 
half of AB, by hypothesis ; therefore the ' 
square of CF must as much e^^ceed the 
square of CG: otherwise the above 
equality could not exist Hence, the line 
CF exceeds the line CG, that is, the 
longer chord is nearer to the centre. 

Conversely^ If the chord DE be nearer to the centre than 
AB, DE shall be longer than AB. 

For the squares of BF, FC being e(juivalent to the scjuares 
of EG, GC, and the square of GC bemg, by hypothesis, less 
than the square of FC, it follows that the square of BF must 
be as much less than the square of EG ; hence DE, the double 
of EG, is longer than AB, the double of BF. 

Cor. 1. Hence the diameter is the longest chord that can 
be drazmi in a circle. 

Cor. 2. The shorter the chord «, tfie farther it isjrom 
the centre^ andf conversely, the fartlier the chord is from the 
centre^ the shorter it is. 



PROPOSITION vni. THEOREM. 

Through three given points, which are not in the same 
straight line, one circumference of a circle may be 
made to pass, and but one. 

Let ABC, be three points not in the same straight line : 
they shall all lie in the circumference of the same circle. 

For let the distances AB, BC be bisected by the perpendi- 
culars DF, EF, which must meet in some point F ; for if they 
were parallel, the lines DB, CB, perpendicular to them, would 
also be parallel(Prop. XIV. Cor. 6. B. I.^, or else form but one 
straight line : but tney meet in B, and ABC is not a straight 
Jine by hypothesis. 

Let then FA, Ffi, and FC be drawn ; 
then, because FA, FB meet AB at 
equal distances from the perpendicular, 
they are equal. For similar reasons 
FB, PC, are eaual; hence the points 
A, B, C, are all equally distant from 
the pmnt F, and consequently all He in 
the drcumference of the circle, whose 
centre is F, imd radius FA. 
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It' is obvious, that, besides this, no other circumference can 
pass through the same points, for the centre, lying in the per- 
pendicular DF bisecting the -chord AB, and at the same time 
m the perpendicular EF bisecting the chord BC (Prop. V. 
Cor. 3.), must be at the intersection of these perpendiculars ; 
so that as there is but one centre and one radius, there can be 
but one circumference. 

- Car, 1. As two circumferences cannot have three points in 
common, it follows that Sne clrcurnference cannot cut another 
in more points than two. 

Cor. 2. Thereforeyrom any point not the centre more than 
two equal lines cannot be drawn to the circumference. 

Cor. 3. Consequently that point from which three eqtial lines 
may be drawn is the centre. . 

PROPOSITiaN IX. THEOREM. 

A perpendicular at the extremity of a diameter is a 
tangent to the circle, and, conversely^ a tangent to a 
circle is perpendicular to the diameter drawn from the 
point of contact. 

Let ABD be perpendicular to the radius CB, it shall touch 
the circle in the point B.. 

For to show that this point B is the 
only.one which the circle has in common 
with AD, let CE be drawn to any other 
point £ in that line, then C£ being 
longer than CB, (Prop.XXII. B. I.) 
the point E must necessarily lie without 
the circumference ; B, therefore, is the 
only point in AD which is also in the 
circumference ; AD is therefore a tan- 
gent to the circle. 

Conversely. Let now AD touch the circle in B, and let BC 
be drawn from the point of contact to the centre ; AD shall be 
perpendicular to BC. 

For every point in AD, except B, lies without the circum- 
ference : to suppose that any point lay within the circumference, 
the line AD must be supposed to pass through the circle, and 
thus cut the circymference in some other point besides B ; but 
this is contrary to the hypothesis ; therefore a line drawn from 
C to any other point,, Em AD, must be longer than CB ; this 
therefore being the shortest line^ is perpendicular to AD (Prop. 
XXIL Schol.y 

Cor. 1. From the same point in a circumference only one 
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tangent can JfC di-aiwn, for two lines could not be both perpen- 
dicular to the diameter at the same point 

Cor. 2. Tamgenia at each extremtty of a diameter are paral- 
lel. JPrm. Xlf Cor. 6. B. I.) 

Cor. 8. And conversely, parallel tangents are both perpen- 
dicular to the mme diameter (Prop. XiV. Cor. 5. B. X.), and 
have their points of contact at iU extremities. 

Scholium, . 

This proposition shows the possibility of the existence of Ji 
tangent to a di-cle (Post. IV. B. I.). 

PROPOSITION X. THEOREM. 

The arcs of a circle intercepted by two parallels are 

equal. 

If the parallels are tangents to the circle, as AB, CD, then 
eiicb of tne arcs intercepted is a semi-circumference, as their 

S>ints of oontac^ coincide with the extremities of the diameter 
F (Prop, IX. Cor. 3.). 

But 8upp6se only one, as AB, is a 
tangent, and that the other, 6H, is a 
chord, which being perpendicular to 
FE, the arc GEH is bisected by FE, 
^Prop. V.) so that in this case also the 
intercepted arcs GE, EH are equal. 

Next, let both the parallel lines be chords, as GH, JK, and 
Jet the diameter FE be perpendicular to one of them, as GH ; 
it will also be perpendicular to the other, since they are pa- 
rallel ; therefore tnis diameter must bisect each of the arcs 
which they subtend, that is, GE is equal to EH, and JE to 
EK ; therefore JE diminished by GE, is equal to EK dimi- 
nished by EH ; that is, in this case likewise, the intercepted arcs 
JG, KH, are equal. 

PROPOSITION XI. THEOREM. {Convcrsc (^ Prop. X.) 
If two straight lines intercept equal arcs of a circle, 
and do not cut each other within the circle, the lines 
will be parallel. 

If the two lines be. AB, CD (preceding diagram), which 
touch the circumference, and if, at the same time, toe inter- 
cepted arcs EJF, EKF are equal, EF must be a diameter 
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(Prop. I.); and ther^re AB, CD, are paraQ^ (Pjcop* IX. 
Con 2.) 

But if only one of the line^) as AB, touch, while the other^ 
GH9 cuts the circumfereace, making the arcs EG, EH equal, 
then the diameter FE, which bisects the arc GEH, is perpen* 
dicular to its chord GH (Prc^. V« Cor. 1.) : it is also perpen- 
dicular to the tangent AB (Prop. IX.) ; therefore AB, &H are 
parallel. 

If both lines cut the circle, as GH, JK, and intercept equal 
arcs 6J, HK, let the diameter FE bisect one of the chords, 
as GH : it will also bisect the arc GEH (Prop. V.), so that 
EG is equal to EH ; and since G J is by hypothesis equal to 
HK, the whole arc E J is equal to the whole arc EE ; therefore 
the chord JK is bisected by the diameter FE : as therefore 
both chords are bisected by this diameter, they are perpendi* 
cular to it, (Prop. V. Cor. 1.) that is, they are parallel. 

Scholium. 
The restriction in the enunciation of this proposition, viz. 
that the lines do not ad each other within the circle^ is necessary ; 
for lines drawn through the points G, K and J, H will intercept 
the equal arcs GJ, HK, and yet not be parallel, since they 
will intersect each other within the circle. 

PKOPOSITION XII. THEOREM. 

If two circumferences have a point in common, situated 
in the straight line joining their centres, the cir- 
cumferences will touch each other in that point. 

For if they have also another 
point in common, then a line join- 
ing the two points will lie wholly 
within each circle (Prop. II.), and 
therefore the two lines from the* 
middle of this chord to the centre 
of each circle must both be perpen- 
dicular to it (Prop. V. Cor. 1), 
and must therefore form but one 
straight Hne; but by hypothesis, 
the centres are in the line passing 
through theotherpoin);, so that two 
distinct lines have the same &k^ 
tremiti^, which is impossible. 

Cor. 1. If two drcumferences etit each off^er^ the poinU ff 
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inierseciion must both be wUhoui ike line Joining the centru ; 

for if either were in this line, the circumferences would touch* 

Car. 2. If the distance between the centres of two circles be 

equal to the sum of their radii^ the circwnferences touch exter- 



Cor. 3. But if the distance be equal to the Sfferenee of the 
radiij one touches the other intemauy^ for in both cases the cir- 
cumferences pass through the same point in the line joining the 
centres. 

Scholium. 
Hence the possibility of one circle touching another (Post. 
B. IIL). 

PROPOSITION XIII. THEOREM. 

If two circumferences have a point in cominon, situated 
out of the line joining their centres, the circum- 
ferences will cut each other. 

Let C and D be the centres of two circles, and let A be a 
point situated oui of the line CD, common to the two circum^ 
ferences. 

Let AB be a perpendicular to 
CD, then AB, if produced, shall 
again cut the circumferences : for if 
it were a tangent to either, it would 
be perpendicular either to DA, or 
CA, which it is not ; let it then 
cut the circumference, whose centre 
is C, in the point E, then the chord 
AE is bisected in B (Prop. V.); 
let it cut ^he other circle in F, then 
AF is also bisected in B ; conse>. 
quently the points E and F coin- 
cide, that is, the circumferences 
again have a point in common. 



Cor. 1. Hence the converse of proposition XII. viz. if tufo cir- 
cumferences touch cash other ^ their centres and point of contact 
lie in the same straight line ; for if the point of contact lay 
out of the line joining the centres, the circles would cut. 

Cor. % Therefore, if two circumferences touch each other ^ 
the distance of their centres is equal either to the sum or dif- 
ference of their radii^ aecordingty a^ they touch, extemalh/i or 
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intemaU;j^j which is the cpnyenie of Corolteries 2 and. 3, last 
proposition. 

Cor» 3. It moreover follpws from the above demonstration, 
that the Imejmning the intersections of the circimiftrencesj is 
bisected at riglU cmgks by the line joining the^ centres ; for it 
is shown that the perpendicular to this line, from one of the 
points, passes through the other, and is bisected by the line 
joining the centres. 

SchMi^. 

1. Corollary 1, to pi^oposition. XI}., proves the converse of 
this proposition. 

S. A mere inspection of the preceding diagrams shows, that 
if two circumferences ctity the distance ofiM centres must be 
less than the sum of the radii ; for CD is less, than the sum - of 
CA, DA (Prop. XXI. B. I.) ; and, consequently, that, if the 
distance of the centres of two circles be greater them the sum of 
their radii^ the circumferences wiU neimer toitch (Prop. XIII. 
Cor. 2.) n&r cut 

3. It is, moreover, equally plain that, if two circun^rences 
cut y the distance of the centres must exceed the difference of 
the radii; for CD is longer than the difference of CA, DA 
(Prop. XXI. Cor. B. I.) : consequently, if the distance of 
the centres of two circles be less than the difference of their 
radii, their circumferences wUlnei&er totich (Cor. 2.) nor cut 

4. It appears, therefore, that in order that two circumferences 
may cut, ike distance qf their centres must be less than the sum, 
and greater than the difference qfihe radii. 

• , . . PROPOSITION XIV.. THEOHEM. 

An inscribed angle is equal to an angle at the centre 
of the circle whose sides include half the arc in- 
cluded by thofiie of the inscribed angle. 
Let ADB be an inscribed angle, the sides of which include 

the arc AB ; this angle is equal to one at the centre C, whose 

sides include half that arc. 

Suppose, first, that the centre lies in 

one of the sides DB of the proposed 

angle, let CA be drawn, as also *CE, 

bisecting the angle ACB. 

Then, since ACD is an isosceles tri- 
angle, the exterior angle ACB is double 

the interior opposite angle D ; therefore 

the half thereof ACE is equal to D, and 

its sides intercept half the arc AB (Prop* 

III. Cor. a.). 
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Next, let the centre lie within the 
sides of the angle ADB, and let DCE be 
drawn, as also CP to the middle of the 
arc AE, and CO to the middle of the 
arpBE. 

Then, by the preceding case, the angle 
ADE is equal to the ang fe FCE, and Sie 
angle EDB to the an^e ECG; hance, 
the whole angle ADB is equal to the 
whole apgk FCG ; and the arc FG, subtended bj the anple 
at the centre, is, by construction, equal to half the arc AEB» 
subtended by that at the circumference. 

Lastly, let the centre lie without the 
sides of the angle ADB, and draw^as be- 
faECj DE through the centre C ; CF to 
the middle of the arc AE, and CG to the 
middl^ of the arc £B. 

Then, by the first case, the angle ADE 
is equal to the angle FCE, and EDB to 
'ECG ; hence the angle ADB, the differ- 
^ee of the angles at the circumference 
is equal to FCG, the difference of the 
angles at the centre. Now, the arc FG is, by construction, 
equal to the difference of half the arcs EB, EA, or, which i* 
the sam^ thing> to half the difference of those arcs, that is, to 
half the arc AB; so that in every case the inscribed angle is 
equal to an angle at the centre, wnose sides intercept half the 
arc included by those of the former. 

Cor. 1. Hence im angle ai the centre of a circle is double 
an angle ctt the drcumference, subtending the sa/me arc. 

Cot. % Angles m tfte same, or in equal segments^ or, in 
other words, inscribed angles^ stAtendedoy fhe samte, or equal 
arcs, are equal; each being equal to the imgle at the centre^ 
whose sides include half the equal arcsL, 

. Cor. 3. j^n angle in a semfi^rQle is a right an^p for it i9 
equal to an angle at the centre, subtended oy half a. sepii-Wi* 
cumference (Prop. IV. Cor. S.j» 

Cor. 4» If, in a circte^ two 'chords draaenfrom a oointin the 
circumference be respectively equal to two chords drawn from 
another point, ffhey shall inchide equal angles; fat the equal 
chords subtending equal arcs (Prop. IV. Cor. 2.), each apgle 
must include the sanie portion of tl^ circumfei^ence. 
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PROPOSITION XV. THEOREM. 

The angle formed by a tangent, and a chord dra^tt 
from the point of contact, is equal to an angle in the 
alternate segment of the circle ; that is, to an in^ 
scribed angle subtended by the arc intercepted by 
the sides 6f the former. 

Let. ABC touch the circle BDEP in B, making with the 
chord BD the angles ABD, CBD ; the former wiff be equal 
to an angle in the segment BGB» mid the latter to an angle 
in the segment BF£D. 

For, draw the diameter BE and the 
chord ED; draw also EG, BjS,and 
DG to any point G in the arc BGD ; 
then, ABE being a right ai^le (Prop. 
IX.), it is equal to the a^le BGE m 
the semicircle (Prop. XIV. Cor. S.), 
and the angle EBD is equal to the angle 
EGD, for it is subtended by the same 
arc ED (Prop. XlV. Cor. 2.) ; there- 
fore the whole angle ABD is equal to 
the whole angle BGD in the alt^nate segment 

Agwn, the angle CBD, together with DBE, make a right 
angle, also the angle DEB, together with DBE, make a right 
angle ; hence the angle CBD is equal to the an^e DEB in the 
alternate segment. 

Cor. 1. An angle in a segment greater ffian a semictrcte is 
cumte, .and an angle in a segment less than a semicircle is 
obtuse. 

Cor. 2. Therefore the segment which contains a right angfe 
must be a senUcirdei the segment which sontmfn asi obtuse angle 
must be less, and that whu^ contains an aeate angle must be 
greater them a semicircle. 




Scholium. 

This proposition and the preceding may both evidently be 
combined in the following general enundatMm : — 

An inscribed angle, and an angle Jbrmed ba a tangent 
and a chord, are each equal to an angle at the cenwe, subtended 
by half the arc included by thevr sil^s. The following proposi- 
tion is the converse of this. 

e2 
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PBOPOsiTiON XVI. THEOREM. (ConveTSt of Props. XIV. and 

XF.) 

If an angle} whose sides include an arc of a circle, be 
equal to an angle at the centi^ whose sides include 
half that arc, the vertex of the former shall be in the 
circumference \ that is, it shall be either an inscribed 
angle, or contained by a tangent and a chord. 

Let the sides of the angle ADB in- 
clude the arc AB, and let it be equal 
to an angle at the centre of the circle, 
whose sides inclade half that arc; the 
point D shall be in the circumference. 

For, let D be supposed to lie either 

within, or without, the drcumference, 

and in the former case let C be the pdnt 

where the production of one of the sides 

cuts the circumference, and in the latter 

case let C be a point where on« of the 

sides meets the circumlerence, and let 

CE be drawn parallel to the other side 

DB. 

Then, however the sides of the an^le 

ACE be situated with regard to tne 

circumference ; that is to say, whether 

both are chords, or one a chord and 

the other a tangent, this angle will in 
either case be equal to an angle at the 
centre, subtended by half the arc in- 
cluded by its sides (Prop. XV. Scho- 
hum) ; but, by hypothesis, th^ angle 
ADB, which is, by construction, equal 
to ACE (Prop. XIV. Cor. 1. B. L), 
is equal to an angle at the centre, sub- 
tended by half the arc included by its 
sides, but these included arcs are un- 
equal ; their halves are, therefore, un- 
equal, and yet they subtend equal angles 
at the centre, which is impossible (Prop. 
IV.). The point D, therefore, can he 
neither within, nor without, the circum- 
ference; it is, therefore, in it. 
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Cor. 1. In the case where D is within the circle, the angle 
ADB b equal to an inscribed angle C, subtended by an arc, 
equal to the sum of the arcs AB^ CF (Prop. X.), that is, an 
angle Jbrmed by the intersection of two chorda y is equal to an 
inscribed angle subtended by the sum qfthe opposite intercepted 
arcs. 

Con 2. In the case where D is witliout the circle^ the angle 
ADB is ^ual to an inscribed angle, subtended by an arc 

X\ to the difference of the intercepted arcs, that is, an angle 
e vertex is without the cvrcle^ and whose sides meet the 
circumference^ is equal to an inscribed angle subtended by the 
difference of the opposite intercepted arcs. 

PBOPOSITION XVII. THEOREM. 

The opposite angles of a quadrilateral inscribed in a 
circle, are together equal to two right angles. 

' The opposite angles A, C, or ABC, ADC, of the inscribed 
quadrilateral ABCD, are together equal to two right angles. 

For let J3BF be a tangent to the circle 
at B, and join BD, then the angle 
DBF is equal to the angle A, and DBE 
to the angle C (Prop. XV.) ; but the 
angles DBF, DBE are together equal 
to two right angles : therefore the angles 
A, C are together equal to two right 
angles; and since the four angles of g- 
the quadrilateral are together equal to 
four right angles (Prop. XVII. Cor. I. B. I.), the remaining 
two must be equal to two right angles. 

Cor, 1. If one side of an inscribed quadrilateral be pro- 
ducedj the exterior angle wUl be equal to the interior opposite 
one. 

Cor. 2. A qtuzdrilateraly of which the opposite angles are not 
equal to two righij cannot be inscribed in a circle. 

PROPOSITION xvni. THEOREM. {Conversc of Prop. XVII.) 

If the opposite angles of a quadrilateral be together 
equal to two right angles, a circle may be circum- 
scribed about it. 
Let ABCD be a quadrilateral, the opposite angles B, D 
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of which are together, equal to two right an^tes^ a oifcle 
may be circumscribed about it, that is^, the oircumferdnee 
which passes through the three points A, B, C^ shall also pi^ 
through D. 

For if D were to lie within the circle, 
the angle D would be greater than if 
it were in the circumference (Prop. 
XVI. Cor. l.)f and consequently the 
angles B, D would be togettier greater 
than two right anffjes (Prop. XVIL) ; 
and if D were to lie without the circle 
the angle D would be less than if it were 
in the circumference, and therefore the 
angles B, D would, in this case, be less 
than two right angles ; D therefore can lie neither within nor 
without the circle, that is, it is in tlie circumference. 

Cor, 1. If two opposite angles of a quadrilateral be together 
equal to the other two opposite angles 9 a circle tnay be described 
about the quadrilateral (Prop. XVII. Cor. 8. B, I.)- 

Cor. 2. A trapezium may be inscribed in a circle^ provided 
the non-parallel sides are equal. 

For if the non-parallel sides AD, 
BC, of the trapezium ABCD, be 
equal, and perpendiculars DE, CF, 
be drawn fo AB, the triangles ADE, 
BCF will be equal, the angle A 
oqual to the angle B, and the angle 

ADE to the angle BCF, and consequently the angle ADC 
Jliust be equal to the angle BCD, so that two opposite angles 
of the trapezium are equal to the other two, therefore a circle 
may be described about it (Cor. 1.). 
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POSTULATE. 



From any point as a eentre tf ith atiy radiuc^ axiccmahvmoQ 
may be descnbed. 




PEOPOSITION I. PROBLEM. 

To divide a ^ven straight line AB, into two equal 
^ psurts. 

From the points A and B as centres, 
with any radius greater than half AB» 
describe two arcs, which must neces- 
sarily cut each other (Prop. XIII. 
SchoL 4. B. III.) ; dr^w the straight 
line CD through the points of intersec- 
tion, and it will pass through M, the 
middle of AB ; for CD is perpendicular 
to AB (Prop. XIII. Cor. 8. B. III.), 
and the points A, B, are eaually distant from C, therefore. they 
are equally distant from M (Prop. XXIL SchoL B. I.). 

Cor. CD tiot only divides AB into two equal parts, but it 
is at the same time perpendicular to AB. 

PROPOSITION II, |>EOBLEM. a 

From a given point P, in a straight line AB, to draw 
a perpendicular to that line. 

In the given straight line, or in 
its prolongation, take two points 
C D, equally distant from P ; and 
from these points as centres, with * 
a i^ias longer than CP, d^$cribe 
arcs which will intersect in E; . 
draw P£ and it will be the per- 
pendicular required; for it is drawn ^ ^^ ^ ^ "^ 
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from the middle of the straight line CD to a point equally 
distant from its extremities (Prop. XXII. Cor. 4. B. I.). 

Scholium. 

If the point P were the extremity of the line, and if the line 
could not be produced beyond it, then a different construction 
must be employed. Thus : 

From any point C taken without the 
line, with a radius equal to the distance 
C P, describe a circumference, and from 
D, where it cuts AP, or its prolonga- 
tion, draw the diameter DE ; then £P 
will be the perpendicular required, as is 
manifest from Prop. XIV. Cor. S. B. 
III. 





PROPOSITION Itl. PROBLEM. 

From a given point P, without a straight line AB, to 
draw a perpendicular to that line. 

Take any point C in AB, and from P 
as a centre, with a radius equal to the 
distance PC, describe an arc CD, and 
froip the points C, D, as centres, with 
the same, or any other radius, describe A- 
two arcs cutting in E, then P£ will be 
the perpendicular required, for it passes 
through. two points P,. E, each of which s^ 

is equally distant from the two extremities ^ ''"" 

pf CD (Prop. XXII. Cor. 5. B. I.). 

Scholium. 

If the point P were opposite the extremity of the line AB, 
orn^ly so, and if AB could not be produced beyond this 
extremity, the following construction may be employed. 

From the other e^^tremity of AB, or 
from any other point in AB,.with a 
radius equal to its distance from P, 
describe an arc % then from a second 
point in AB, with its distaiyse from P 
jas a radius, describe another arc, and ' 
through their points of intersection 
draw a line, which will be the perpen- 
dicular required ; as is obvious from 
<Prop. KIIL Cor. 3. B. III.). 
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PROPOSITION IV. PROBLEM. 

At a point P, in a straight line AB, to make an angle 
equal to a given angle D. 
From P as a centre, 
with any radius, de- 
scribe an arc CJ^ and G> 
from D 1^ a centre with 
the same radius, de- 
scribe an art F6, ter- d^i 1 A- 

minating in the^sides of ^ 

the angle D ; then, with a radius equal to the chord of this arc, 
describe, from the point C as a centre, an arc cutting the arc 
CE in H ; draw HP, and HPC will be equal to the angle D ; 
for in equal drcles equal arcs subtend equal angles at the 
centre (Prop. IV. B. III). 

PROPOSITION V. PROBLEM. 

To divide a given angle, ACB, into two equal parts. 
From C as a centre, with any 
radius, describe an arc AEB, ter- 
minating in the sides of the angle, 
and draw CD perpendicular to its 
chord ; then the angle ACB will 
be bisected (Prop. V. B. III.). 



Scholium. 

, By repeated bisections an angle may obyiously be divided 
into four, eight, sixteen, &c. e^ual parts, but the aivisioin of an 
angle into three equal parts is a problem that cannot be ge- 
nerally effected by elementary geometry.* This problem is 
one of very ancient date, and lor a long time engaged the atten- 
tion of some of the greatest geometers of Greece, who were at 
length compelled to relinqmsh the hope of performing this 
operation. by a purely geometrical method, that is to say, by 
employing no other lines in the construction of the problend 

*^The trisection of a right angles and hence of i, ^, i, &c. thereof, i» 
a very eiueiy problem, the oonstrdction oi which may he left for the st^de^Jb 
to perfonn. It may not he improper to remark here, that an ingenious 
instrument, for the mechanical trisection pf angles, has recently been de- * 
vised by Mr. & Chxistie, for a desaipUon of which see Mechanic's Ma- 
gazine, voL I. 
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than the stnught line and the cmumferenoe of a circle. By 
the introduction of other curves, the trisection has been eifectea 
in various ways. 

PROPOSITION VI. PROBLEM. 

Two angles of a triangle being given, to find the third 

angle. 

Draw any straight line AB, and take 
therein a point P, at which make an 
angle APC equal to one of the given 
angles, and then another .CPD, equal 
to the other civen angle : the third 
angle DPB will be equal to the third 
angle of the triangle, for the three 
angles of the triangle are tpgether equal 
to the three angles at the point P, each 
amounting to two right angles, and two of the angles at P have 
been made equal to two angles of the triangle, therefore the 
third angle must be equal to die remaining an^e of tlie triangle. 

PROPOSITION VII. PROBLEM. 

Two angles and a side of a triangle being given, to 
construct the triangle. 

First, let the angles be adjacent to the given side. 

Draw the straight line BC, e(ji!ial to the ^ 

given side, and at the extrenudes make 
two angles, BCA^ CBA, equal to those 
given, then the sides BA, CA, must meet 
and form with BC the triangle required ; 
for if they were parallel, the angles B, C, would be together 
equal to two right angles (Prop. XI Y. Cor. 4?. B. I.), and 
therefore could not belong to a triangle. 

But if one of the given angles be opposite to the given side, 
then find the other angle I^ last proposition, and proceed as 
above. 

PROPOSITION VIII. PBOBLEH. 

Two sides of a triangle, and the angle which they in- 
clude being given, to construct the triangle. 
Draw BC (preceding diagram) equal to thegiven.side, make 
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^Q angle CBA ec^al to the given angle, and take BA e^ual to 
the other given side*: join AC,^nd tJie tmngle will evidently 
be cpnstructed. . ^ 



PROK^XTiON i;:;;. pmbwHi^, ^V 

Two sides of a trinugle, and an angle opposite to oa^ 
of them being given^ to construct the triangle*. 

At the extremity B, of any straight 
lin? BC> make an angle CBA equal 
to the given angle, and make BA 
equal to that side which is adjacent 
to the given angle ^ and from A? as 
a centre, with a radius equal to the 
other side, describe an arc, which 
must either touch, or cut, the line 
BC, otherwise a triangle could not be formed. If it touch 
BC, a line from A to the point of contact D, will be perpen- 
dicular to BC (Prop. IX. B. III.)» and the right angled tri- 
angle ABD will be the triangle required. 

The ^ven angle in this case must, therefore, be acute. 

But, if instead of touching, the arc cuts BC in two points 
E^ F ; then, sujpposing still that the given angle is acute, if 
lines be drawn lirom tnese points to A^ it is obvious that two 
triangles ABE, ABF, will be formed, each of which wiU con- 
tain the proposed given parts ; but wiU differ In othear respe^, 
the ati^le opposite AB beinff obtuse in the one, and acute in 
the other. In order, therefore, to avoid this ambiguity, it is 
requisite previously to know whether the angle opposite the 
other given side be acute or obtuse. 

If, however, the given an?le be obtme, no ambigmty can 
arise ; for having formed the obtuse angle as BEA, and having 
made EA equal to the adjacent side, the arc described rirom 
A as a centre, with a radius equal to AB, the other side, 
would cut BC on opposite sides of E (Prop. XXII. Schol., 
B. !.)• ^ ^h^* ^y ^^^ obtuse angled triangle could be 
formed. 

And if the given angle were right, although two triahgles 
would be formed, yet, as the hypothenuaes would meet BC at 
equal distances from the common perpendicular, these triangles 
would be equal. 
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PKOPOSIXION X. PaOlLEM. 




The three sides of a triangle being given, to con- 
struct it. 

Make BC equal to one of the sides, and 
from B, as a centre, with one of the other 
sides as a radius, describe an arc; and 
from C, as a centre, with a radius equal to 
the third side, describe another arc, cut- 
ting the former in a point A (Prop. XXI. 
B. I., and Prop. XIII. SchoL 4 B. III.) ; then, if AB, AC, 
be drawn, the triangle will be constructed. 

Scholium. 

From the last three problems it appears that, of the six parts 
composing a triangle, viz. the sides and the angles, it is necessary 
to know l)ut three, and their relative positions, in order to 
determine the triangle. It is, howevier, requisite that at least 
one of the given Darts be a side, and, moreover, in the case 
where two sides ana an opposite acute angle are the given parts, 
it is indispensable to know, in order to avoid ambiguity, 
whether the angle opposite the other given side be acute or 
obtuse. 

PnoPOSITlON XI. PEOBLBM. 

Through a given point C, to draw a straight line 
parallel to a given straight line AB. ' 

To any point P in AB draw a 
straight line from C, then make 
the angle PCD equal to the angle 
APC, and CD will be parallel to 
AB (Prop. XIL B. I.). 

PROPOSITION XII. PKOBLEM. 

Two adjacent sides of a rhomboid, with the angle which 
they include being given, to construct the rhomboid. 

Make AB equal to one of the 
given sides, and the angle A equal 
to the given angle ; then take AD 
equal to the other given side, and 
from D, as a centre, with a radius 
equal to AB, descpbe an arc ; and 
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/- 
from B, as a centre, with a radius equal to AD^ describe 
another; and from C, the point where they intersect, draw 
CB, CD, and the rhomboid will be coi^pleted ; for. the opposite 
sides are, by construction, equal (Prop. XXVIII. B. I.). 

PROPOSITION Xin. PROBCBM. ' 

To make a square equivalent to two giveir squares. 

Draw two indefinite lines AB, AC, per- 
pendicular to each other. Take AB equal c 
to the side of one of the given squares, and l^^v^ 
AC equal to the side of the other : join iLL_«_^s 
BC, which will be the side of the pro- 
posed square, as is evident from Prop. X. B. II. 

Schdtvm, 

Any number of squares may be reduced to a siiide one, by 
reducmg two into one, this and a third into another ; uien, again, 
this last and a fourth into another, and so on, 

PROPOSITION XIV. . PROBLEM. 

To make a square equivalent to the difference of two 
given squares. 

Draw, as in last problem, the lines AB, AC (see the dia- 
gram) perpendicular to each other, making AB equal to the 
side of the less^ square ; then, from B as a centre, with a radius 
equal to the side of the other square, describe an, arc inter- 
secting AC in C, and AC will oe the. side of the required 
square (Prop. X. Cor. 1. B. II.). 

PROPOSITION XV. PROBLEM. 

To make a rectangle equivalent to a given triangle. 

Draw AD parallel to the base 
BC, which bisect by the perpen- 
dicular ME, make £F equu to 
MC ; then, by drawing FC, the 
rectangle EC; equal to the-, tri- 
angle ABC will be formed ; for 
it nast^e ^ame altitude ME as 
the triangle, and half its base (Prop. III. Cor. 5. B. II). 
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^nOPOSITION XVI. PROBLEM. 

To mdje a triangle equivalent to any given polygon, 
ABCDE. 

Draw the diagonal C£> 
cutting off the triangle 
CDE; draw DF parallel 
to CE, meeting A E pro« 
duced, and join CF: the 
polygon ABCDE will thus 
be reduced to the polygon 
ABCf*, having fewer sides 
by one; for the- triangle 
CDE cut off, IS equivalent to the triangle CFE added (Prop. 
III. Cor. 2. B. II.). Draw, now, the diagonal CA and BG 
parallel to it, meeting the production of E A : join CG, and 
the polygon ABCP will be reduced to an equivalent polygon, 
with fewer sides by one ; for the triangle, cut off by C A, has 
been supplied by the equivalent triangle CGA : and thus, by 
continually diminishing the sides, the polygon is at length 
reduced to an equivalent triangle. 

Cor. Since a triangle may be converted into an equivalent 
rectangle, It follows that any polygon may he redtcced to an 
equivalent recta/ngle. 




MO^OSITfON XVII. PR0BI.EM. 

A l«ctaaagie bcdng giv&xkf to comtmet an equivalent oiie 
having a gide of a given length* 

Let ABCD be the given m Q 
rectangle, and produce one 
of its sides, as AD, till DE 
be- the riven length, and 
dmw iECF meeting the pro- 
longation of AB in F ; then 
produce BC till CG is equal 
to DP ; draw EGH, DCK, 
making GH, CK, each eq^ual to BF ; then join HK^ and the. 
rectangle GK will be equivalent to the rectangle AC, as- ap- 
pears from Proposition I. Book II. 

Cor. Hence a polygon may be converted mto on equivalent 
rectan^ of a given oase^ or of a given aUtude (Pr<^ XVI. 
Cor,)* . : . 
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PROPOSITION XVIII. , PKOBLEM. 

Having given a cireumference, or an arc, to find the 
centre of the circle. 
Take any three points A, B, C, in the 
arc, bisect the distances AB, BC, by the 
perpendiculars DF, EP (Prop. I.), these 
p<»:pendicu]^s will meet io a point F 
equally distant from the points A, B, C 
(Prop. VIII. B. III.) ; F, therefore, is 
the centre of the circle. 



Scholium, 
'By a similar construction a circumference may be circum-' 
scribed about a given triangle. If the triangle be right angled,, 
the middle of the hypothenuse will be the centre of Uie circum- 
scribed circle. 




PROPOSITION XIX. PROBLEM. 

To draw a tangent to a circle from a ^ven point A, in 
the circumference. 
Draw the radius CA, and make AB 
perpendicular to it; AB will be the 
tangent required (Prop. IX. B. III.). 




PEOPOSITIOH XX. PROBLEM. 

Frgih a given point B, in the arc ABE, of a circle* 44> 
draw a tangent thereto, without making use of the 
centre. ^ 

Take twoequal distances BC, CD; 
on the arc j(Mn BD, and from B as 
a centre, with a radius equal to the 
distance BC, describe an arc FG ; 5 
make the distance CG equal to the^ 
distonce CF, and throu^ G draw 
the straight line BG, which will be 
the tangent required ; for if the 
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chords BC, CD be drawn, the angle CBD wfll be equal to the 
angle CDB (Prbp. XIV. Cor. 2. B. III.) ; and therefore the 
angle GBC will be equal to the angle CBF,. that is,, to 
CDB, ^n angle in the alternate segment ; hence BG is a tan- 
gent at B. 

PROPOSITION XXI. PROBLlEM. 

To draw a tangent to a circlefrom a given point A, 
without the circumference. 

Bisect the distance AQ between the 
given point and the centre, in the point 
M, and from this point as a centre, 
with a radius equal to MA, describe 
an arc; and through B, where it in- 
tersects the circle, draw ABC, which 
will be the tangent required for com- 
pleting the semicircle ABO, and draw- 
ing BO, the angle ABO will be right 
(Prop. XIV. Cor. 3. B. HI.), that is, , 

AB IS perpendicular to BO, and is therefore a tangent to the 
circle at B (Prop. IX. B. HI.). 

Scholium, 

Since the semicircle described on the other side of AO in- 
tersects^the given circumference in another point, it follows that 
two tangents may be drawn from the same point. 

PROPOSITION XXII. PROBLEM. 

On a given straight line AB, to describe a segment 
capable of containing a given angle, IKL. 

Draw KM perpendicular to KL, 
one of the sides of the given an^e ; 
then, at each extremity of AB, make 
an angle eq^ual to IKM, the sides AC, 
BC, of which will meet in a point C, 
from which, as a centre, with a radius 
equal to CA, or CB, describe the arc 
ADB, and the required segment will 
be completed ; for the three angles of 
the triande ABC are together equal 
to twice the angle MKL, and, by con- 
struction, the two angles CAB, CBA, 
are together equal to twice IKM; 
therefore the angle C is equal to twice IKL, but it is also equal 
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to twice the inscribed angle D: consequently the segment 
ADB contains an angle equal to the given angfe IKL. 

Scholium^ 

If the given angle were obtuse, the centre must He without 
the segment (Prop. XV. Cor. 2. B. III.) ; if it were right, the 
segment would be a semicircle ; and, consequently, the centre 
would be the middle of AB. 



PROPOSITION XXIII. PROBLEM., 

To inscribe a circle in a given triangle, ABC. 

Bisect two of the angles, as B, 
and C, by the straight lines BO, 
CO ; from the point of meeting, 
draw OD perpendicular to BC, 
and from O as a centre, with a 
radius equal to OD, describe 
the circle DEF, which will 
touch each side of the triangle ; 
for, let OE, OF, perpendiculars 
to theother two dides, be drawn, 
then the right angled triangles 

ODC, OEC, have the hypothenuses equal, as also the angles at 
C ; therefore OD is equal to OE (Prop. XI. B. I.) ; for similar " 
reasons OD is equal to OF : hence the circumference described 
from the centre O, with the radius OD, touches the ades of the 
triangle in D, Ej and F. 

Scholium. 

Lines bisecting the three angles of a triangle, all meet in the 
same point, viz. the centre of the inscribed circle; and it has 
been shown. Prop. XVIII. that the lines bisecting the three 
sides also meet in one point; consequently in 'the equilateral 
triangle, since the lines bisecting the angles also bisect the sides 
(Prop. IX. Cor. 1. B. I.), it foUows that the centres of the in- 
scribed and circumscribed circles coincide. 
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PROPOSITION XXIV. PBOBLEM. 

To inscribe a square in a given circle 

Draw two diameters AB, CD, at 
right angles to each other, then join 
their extremities, and the inscribed 
square will be formed; for the angle 
ACB, being in a semicircle, is rignt, 
and the angles about O being equal, 
the chords which subtend them are 
equal (Prop. III. Con 1. B. IIL). 

Scholium. 

By a similar construction it is plain that a circle may he 
circumscribed about a ^ven square. 




PROPOSITION XXV. PROBLEM, 



To inscribe a circle in a git^en square. 

From the point O, where the dia- 
gonals intersect, draw OE perpendi- 
cular to a side of the souare, and then, 
from O as a centre, with a radius equal 
to OE, describe a circle which will 
touch each side of the square ; for the 
square is divided by the diagonals into 
four equal isosceles triangles : hence the 
perpendicular, from the vertex O to the 
oase, is the same in each triangle (Prop. 
III. Cor. 6. B. II.) ; therefore the circumference described 
firom the centre O with the radius OE, passes through the 
extremities of each perpendicular; so that the sides of the 
square are tangents to the circle (Prop. IX. B. IJL). 

Cor. Hence,^/9t>«i a common centre a circle m^ he inscribed 
in, Ymd drcumacribed abouif a given square (Prop. XXIY. 
Sch(J.). 
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DEFINITIONS. 

1. Of two unequal magnitudes, the greater is said to etmiain 
the less, as often as there are parts in the greater equal to the 
less. ' V 

2. If the greater of two magnitudes contain the less a certain 
number of times without leaving a remainder, it is called a 
fmdtiple of the less ; and the less is^ in this case, called a sub- 
multiple, or a measure of the greater. 

3. Magnitudes, which have a common measure, are said to 
be commensurMe ; — they are incommensurable :svhen such 
common measure does not exist. 

.. 4. EquimuitipleSy or like multiples^ are those which contain 
their respective submultiples the same number of times. 

5. And like submultiples are those which are contained ia 
their respective multiples the same number of times. * 

6. Wnen two magnitudes are compared, by examining how 
often the first is contained in a multiple of the second, the 
former is called an antecedent, and the latter its consequent. 
Such comparison, it is obvious, can be made only between 
Tiomogeneous magnitudes, or those of the same kind, 

7. Magnitudes are proportiotial when an antecedent cannot 
be Contained in any multiple of its consequent oftener than 
either of the other antecedents can be contained in a hke 
multiple of its consequent. 

8. If the number of magnitudes so related be but four, they 
are denominated simply a proportion; the first and last tenms 
are called the eoctremes, and the intermediate terms the means.^ 

9. The antecedents are called homologous, or like terms, ^d 
the same of the consequents. .. 

10. Magnitudes are in continued proportion when every 
consequent is considered as the antecedent of the succeeding 
term* 

11. If the continued proportion con^st of b\it three tetrad, 
the middle ternbis called the mean, and the others are called- 
the extremes, 

f2 
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Explanation of the Signs employed in the succeeding Demote 

strations. 

1 . To denote that four magnitudes A, B, C, D, are pro- 
portional, they are thus arranged, A : B : : C : D, which is 
read, as A is to B^ so is C to D, understanding, of ooqrse, that 
relation among them which constitutes their proportionality 
(Def. 7.). 

% In like manner, to denote a continued proportion, the 
terms are thus expressed, A : B : : B : C : : C : D, &c., whiph 
is read, as A is to B^ so is B to Cy and C to D^ ^c. 

3. The symbol -(- denotes the addition of die magnitudes, 
between which it is placed. Thus A+B signifies that IMs to 
be added to A. To denote subtraction^ the sign — is employed ; 
so that A— B means B taken from A. The double sign ± is 
employed to express indifferently either the sunt or difference 
of the magnitudes between which it is placed. 

4. The symbol > placed between two ma^itudes denotes 
that the former is greater than the latter ; the symbol < is 
used to denote that the former is less than the latter, and == 
implies their equality.' Thus by A > B is to be understood that 
A is greater than B ; by A < B is implied that A is less than 
B, and by A = B is meant that A is equal to B. 

Note. — It is to be observed that, in speaking of the magni- 
tudes A, B, C, &c., we mean, in reality, those which these 
letters are employed to represent ; they may be either lines, 
surfaces, or solids. 



AXIOMS. 



1. Equimultiples of the same, or of equal magnitudes, are . 
equal, so also are the like submultiples. 

^. A multiple of a greater magnitude exceeds a like multiple 
of a less ; and a submultiple of a greater exceeds a like sub-^ 
multiple of the less. 

S. Of two unequal magnitudes, a multiple of the less may be 
taken so great as to exceed the greater, and a submultiple of 
the greater may bs taken so small as to be smaller than the 
less. 
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PROPOSITION I. THEOREM. 

If two magnitudes be like multiples of two others, the 
sum of the former will be the same multiple of the 
sum of the latter. 

Let P, Q be equimultiples of A, B, then will P-(-Q be a 
like multiple of A+B. 

A B 

P Q- 

For, suppose P to be divided into parts, each equal to A, 
and Q to be divided into parts, each equal to B ; then, by 
hypothesis, the number of the parts of P is the same as the 
number of the parts of Q. Let one of the parts of P be added 
to one of the parts of Q, the sum will be equal to A -hB, and 
if any other part of P be added to any other of the parts of Q, 
the sum will, in like manner, be equal to A + B ; therefore, as 
many magnitudes as there are in r equal to A, or as there are 
in Q equal to B, so many are there in P + Q equal to A +B. 

SckoHum. 

Having proved it of two magnitudes, it may be proved of 
three, and so on of any number. 

PROPOSITION II. THEOREM. 

If, in a proportion, an antecedent and its consequent 
be respectfyely the same as an antecedent and its 
consequent in another proportion, the remaining 
antecedent and consequent in each will form a pro- 
poltion. 
Let there be the two proportions, 

A : B\: C : D, 

A : B ::.E : F, 
Then C is contained in any multiple of D, as often as A is 
contained in a like multiple of B, but not oftener (Def. 7.). 
s In like manner E is contained in any multiple of F, as often 
as A is contained in the same multiple of B, but not ofteper : 
hence, C cannot be contained oftener in any multiple of D 
than JS is contained in a like multiple of F, nor can E be con- 
tained oftener in any multiple of F than C is contained in a 
like multiple of D ; consequently, (Def. 7.) 

C : D : : E : F, ' 
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Scholium. 

Two or more proportions, having an antecedent and its con- 
sequent the same in each, may therefore be combined in a single 
senes of proportionals: thus the two propcHrtions above given 
form the following series, 

A : B : : C : D : : t: : F. 

This method of combining the terms of such proportions iii 
a single series .will often be employed hereafter, as it will be 
imnecessary to repeat the identical terms. 

PBOPOSITTON III. THEOKEBI. 

In a proportion, it will be impossible to find eauimul- 
tiples of the antecedents and equimultiples of tae con- 
sequents, such that the multiple of one antecedent 
may be greater than that of its consequent, while the 
multiple of the other antecedent is not greater than 
that of its consequent. 

For, let there be the proportion A : B : ^ C : D, and, if the 
truth of the theorem be aenied, suppose P, R to be equi- 
multiples of A, C, and Q, S equimultiples of B, D ; such that 
P is greater than Q, and B not greater than S. 

A B C D 
P Q R S 

Then since, by hypothesis, C is the same submultiple of R 
that A is of P, and since S is not less than R, C is necessarily 
contained in S as often, at least, as A is contained in P, andf, 
therefore, oftener than A is contained in Q, for Q is less than 
P ; that is to say, the antecedent C is contained oftener in S, a 
multiple of its consequent, than the other antecedent A is con- 
tained in Q, a like multiple of its consequent, which ia im- * 
possible (Def. 7*) ; therefore if P be greats than Q^ R must 
be greater than S. 

PROPOSITION IV. THSOREM. 

If there be four magnitudes,, such that it is impaflsible 
to find equimultiples of the antecedents and equi- 
multiples of the consequents, such that the multiple 
of one antecedent may be greater than that of its 
consequent, while the multiple of the other antece- 
dent ia not greater than that of ita consequenft, the 
four magnitudes are proportional. 
Let A, B, C, D, be four such magnitudes, then, if they are 
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not pnqjoriional, one of the antecedents, As A, must be con- 
tained in some multiple Q of its consequent B, oftener than C 
is contained in S, a hlce multiple of D (Def. 7.). 

A B C D 
P Q R S 

Let P be the greatest multiple of A which dc^ not exceed 
Q9 and let R be a like multiple of C^ 

Then R must be ^eater than S, for R contains C as often 
as Q contains A, wbich^ b^ hypothesis, is often^r thaft S con- 
tains C ; so that equimultiples P, R of the anlecedeots, and 
equimultiples Q, S of the consequents may be found, such that 
R shall be greater than S, while P is not greater than Q, which 
contradicts the hypothesis. 

PBOPOSITION V. THEOREM. 

If any number of homogeneous magnitudes be propor- 
tional, as one antecedent is to its consequent, so is the 
sum of the antecedents to the sum of the consequents. 

First, let there be four magnitudes, or the proportion 
A : B : : C : D, then also A : B :: A-hC : B + D. 

For let P, R be equimultiples of A, C, and Q, S equi- 
multiples of B, D. 

A B C D 

P Q R S . 

Then (Prop. III.), if P>Q, R>S, or if R>S, P>Q; 
therefore if P > Q, (P+R) > (Q -f S), and if (P^-R) > (Q+S), 
P > Q ; for if, in this kst case, P were not greater than Q, R 
could not be greater than S ; and, therefore, P+R could not be 
greater than Q+S. NoW, P and (P + R) are any equimul- 
tiples of A and (A + C) (Prop. L), in like manner Q and(Q + S) 
are any equimultiples of B and (B + D) ; therefore (Prop IV.) 

A:B:: A+C:B+D. 

Let there be six magnitudes, A : B : : C : D : : £ : F ; theo, 
with respect to the first four, there will be the proportion 
A : B : : A-f-C : B+-D, while the last four furnish the pro- 
portion C : D : J C+E : D + F,but A : B : : C : D ; therefore 
(Prop. 11.) A: B::C+E:D+F; hence, from wl^at has been 
already demonstrated, 

A : B :: A + C + E : B + D + F, 

and 60 on for any number of proportiolials. 
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Cor. 1. Since A:B:: A: B::A:B, &c., it follows that 
A: B:: A + A + A+ &c:B + B + B+ &c.,thati8,too*iMgw 
nitudes and their like mtUtiples are proportional. 

Cor. 2. Hence also two magnitudes and their Uke sub* 
multiples are proportional. 

Cor. S. Wherefore, in any proportion^ one antecedent is to its 
consequent as any multiple or submuUiple of the other antece- 
dent is to a like multiple or submuUiple qfits consequent (Prop. 

Cor. 4. And moreover, if in any proportion like multiples or 
Uke svbmultifies of either the two firsts or the two last terms be 
taken, and like multiples or submidtiples of the others, tHe results 
will be proportional. 

PROPOSITIOK* VI. THEOREM. 

If in any proportion like multiples of the antecedents 
and like multiples of the consequents be taken, the 
results will be proportional. 

In the proportion A : B : : C : D, let P, R be equimultiples 
of A, C, and Q, S equimultiples of B, D ; then P : Q : : R : S. 

For let P', R' be any equimultiples of P, R ; and Q', S any 
equimultiples of Q, S ; 

P Q R S 
P Q^ R' S' 

Then it is obvious that P', R' must be equimultiples of A, 
C, and Q' S' equimultiples of B, D; therefore (Pi-op. III.) 
if F > (?, then R' > S^ and if R' > S', then F > Q', and F, B' 
are any equimultiples of P, R, while Qf, S are any equi- 
multiples of Q, S ; consequently (Prop. IV.), 

P : Q : : R : S. 

Cor. 1. In any proportion the first term is to any multiple 
txfihe second as the third is to a like multiple ofthejburth. 

For, as above^ let P, R be a^ equimultiples of A, C ; and 
Q, S any equimultiples of B, 6; while Q', S are any equi- 
i^ultiples of Q, S ; these last will obviously be equimultiples 
of B, D, and consequently (Prop. III.) if P > Q' then R > S, 
and if R> S then P>Q, and P, R are any equimultiples of 
A, C, while Q', S' are any equimultiples of Q, S; therefore 
(Prop. IV.) 

A : Q :: C : S. 

Cor. 2. It follows moreover that any submid^le of the first 
term is to ihe second as a like submuUiple of the third is to the 
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fourOi^ for, in the last proportion, Q, S are ftny equimultiples 
of B» D ; and if P, R be the same submultiples of A, C, we 
have, by Cor, 4. Brop. V. 

P : B :: JJ : D. 



PROPOSITION VII, THEOREM. 

If in a proportion, an antecedent be either greater or 
less than its consequent, the other antecedent will, 
in like manner, be either greater or less than its 
consequent. 

Let the proportion be A : B : : C : D ; and suppose first 
that A>B ; then also C> D, 

For let Q, S be any equimultiples of B, D. 

A B C D 
Q S 

Then because A > B, Q contains B pftener than it contains 
A ; and, since S contains D as often as Q contains B, it follows 
that S contains D oftener than Q contains A ; but (Def.. 7.) 
Q contains A as often as S contains C, therefore S contains D 
oftener than it contains C, and consequently C > D* 

Next let A<B, then also C<D. 

For, whatever be the difference between A and B.^ a mul- 
tiple thereof may be taken, so great as tp exceed A ; and if 
the same multiple of B be taken, it must evidently contain A 
oftener than it contains B. Let Q be this multiple of B, and 
let S be an equimultiple of D. Then since S contains C as 
often as Q contains A, S must contain C oftener than Q con- 
tains B ; but Q contains B as often as S contains D, conse- 
quently S contains C oftener than it contains D ; hence C < £>• 

C(yr, Therefore if one antecedent be equal to ii9 cons'equenif 
the other antecedent mil be equal to its consequent. 

PROPOSITION VIII. THEOREM. 

The terms of a proportion are proportional when taken 
inversely^ that is, as the second iis to the first, so isr 
the fourth to the third. 

Let the proportion be A : B : : C : D, then also B : A : : 
D:C. 
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For let P, Jl be any equimultiples of A, C, and Q, S any 
equimultiples of B, D« 

B A D C 
Q P S R 

Then (Prop. VI.) P : Q : : R : S ; therefore (Prop. VII.), 
if Q > P, then S > R, and if S > R, then Q > P, consequently, 
(Prop, IV.) 

B : A :: D : C. 

. Cor. 1. In amfproportiorty a muUipJeqftheJirst term is to 
the second^ as a like multiple of the third term is to the fourth 
(Cor. 1. Prop. VI.) ; aJso the first term is to a suhmidtiph of 
the second as the third is to a like submtdtiple of the Jbarth. 
. Cor. 2. It follows from this and Cor. 2. Prop. VI. that if 
in a proportion like submulttples rfthe antecedents and like $ub* 
multiples of the consequents be taken, the results mU be pro- 
portional. 

PEOPOSiTlON IX. THEOKEM. 

In a proportion consisting of homogeneous magnitudes, 
i if one antecedent be greater than the other, the con- 
sequent of the former will be greater than the con- 
* sequent of the latter. 
In the proportion A : B ::C:D, let A > C, then also B > D. 
By inversion (Prop. VIII.) B : A : : D : C, and whatever be 
the difference between A and C, it is possible for a multiple 
thereof to exceed D, and consequently such a multiple of A 
must contain D oftener than an equimultiple of C. Let P, R 
be these equimultiples of A, C. 

B A D C 
P R. 

Then (Def. 7.) P does not contain B oftener than R contains 
D, but P does contain D oftener than R contains it ; cons^ 
quently P ccmtain^ D oftener than it oontains B ; therefore 

Cor. 1. It follows by inversion, that if one consequent be 
greater than the other y the antecedent of the former will be 
greater than that of the latter. 

Cor. 3. Consequently if the antecedents be equal, the conse- 
quents will be equal, and if the consequents be equal the ante- 
cedents will be equal. 

Cor. 3. Hence, and from Prop. II. if in two proportions 
^te be three corresponding terms in eati respectively eqtudy 
the fourth terms will be eq^wii. 
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PROPOSITION X. THEOREM. 

If thd teraiB of a proportion are all of the same kind, they 
are proportional when taken alternately, that is, as the 
first is to the third, so is the second to the fourth. 

Let the proportion be A : B : : C : D, then also A : C : : 
B:D. 

For let P, Q be any equimultiples of A, B, and B,, S any 
equimultiples of C, D. 

A C B D 
P R Q S 

Then (Prop. V. Cor. 4.) P : Q :: ' R : S; therefore, 
(Prop. IX.) if P>R, then Q>S, and if Q>S, then P>R; 
consequently (Prop. IV.) 

A : C :: B : D. 

Cor, 1. Hence, and from Cor. 3. to Proposition V. it follows 
that, m such a proportion^ the first term is to the third as any 
multiple or suhmultiple of the second to a like multiple or 
submuUipk ^the/ourth. 

Cor. 2. Likewise (Cor. 4. Prop. V.) like multiples or, Hke 
submtdtiples of the first and third terms are to each other as like 
multiples or submultiples of the second and fourth terms, 

PROPOSITION XI. THEOBEH. 

If, in a proportion, an antecedent be a multiple or sub- 
multiple of its consequent, the other antecedent will 
be a like multiple or suhmultiple of its consequent. 

In the proportion A : B : : C : D, let A be a multiple of B, 
then C will be the same multiple of D. 

Take Q equal to A, and let S be the same multiple of D 
that Q or A IS of B. 

A B D 
Q S 

Then (Prop. VI. Cor.) A : Q : : C : S, but A is equal to Q ; 
therefore (Prop. VII. Cor.) C is equal to S, but S is the same 
multiple of D that A is of B ; therefore C is the same mul- 
tiple of D that A is of B. 

Again, let A be a suhmultiple of B^ then will C be a like ^ 
suhmultiple of D ; for, by inversbn (Prop. VIIL), B : A : : 
D : C; therefore, as just shown, D is the same multiple of C 
that Bis of A: in other words, C is the same submultiple of 
D that A is of B. 
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Cor. Therefore, when the terms are homogeneous, if one 
anUcedeni be a multiple or suhmtdtiple qftlie other ^ the con- 
sequent ^ the farmer will be a like multiple or submuUiple of 
the coM^juent of the latter (Prop. X.). 

PE0P08ITI0N XII. . THEOREM. 

In a proportion, the sum of an antecedent and its con- 
sequent is to either term, as the sum of the other 
antecedent and consequent to the like term. 
Let the proportion he A : B : : C : D. 

Then A cannot be contained oftener in any multiple of B, 
than C is contained in a like multiple of D, (Def. 7.) ; there- 
fore A cannot be contained oftener in any multiple of A+B, 
than C is contained in a like multiple of C+D ; hence A : 
A+B : : C : C+D, Affam,by Prop. VIIL,B : A : : D : C ; 
therefore, as just proved, B : B+A : : D : D+C. 

Cor. 1. Hence (Prop. VIIL), A+B : A :: C+D : C,and 
A+B:B::C+D:D. 

Cor. 2. And (Prop. X.) when the terms are homogeneous 
A+B : C + D : : A : C, or A + B : C+D :: B : D. 

PROPOSITION XIII. THEOREM. 

In a proportion, the difiPerence between an antecedent 
and its consequent is, to either term, as the difference 
between the other antecedent and consequent to the 
like term. 

In the proportion A : B : : C : D, let B be greater than A, 
and D greater than C (Prop. V.), and let B— A=B', and 

D^c^iy. 

Then A cannot be contained oftener in any multiple of B' 
than C is contained in a like multiple of IX : for if it could, A 
would obviously be contained oftener in the same iQultiple of B, 
than C is contamed in a like multiple of D, which is impossible 
(Def. 7.) ; in like manner C cannot be contained oftener in a 
multiple of D' than A is contained in a like multiple of B' ; 
therefore (Prop. IV.), A : B' : : C : D', that is, 

A : B-A :: C : D-C 
and (Prop. Xn.) B : B-A :: D : D-C. 

Arain, let A be greater than B, then (Prop. VIII.) B : A : : 
D : C ; therefore, as has just been proved, B : A— B :: D : 
C-D; andA: A-B::C:C-D. 
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PROPOSITION XIV. THEOREM. 

In a proportion,^ the sum of the greatest and least terms 
exceeds the sum of the other two. 

Let tfaie proportion be A : B : : C : D, and let A be the 
greatest term, then D will be the least (Props, VII. and IX.) 
and(A+D)>(B+C.) 

For, by the preceding proposition^ A : A — B :: C : C — D, 
and alternately, A . C : : A — B : C — D, and A being greater 
than C, A-B is greater than C— D (Prop. V.) ; therefore if 
B,+D be added to each, there will result (A+D) > (B+C). 

If B be the greatest term, then, by inversion, B : A : : D : C, 
so that C is the least term, and, by reasoning as above, there 
will result (B+C) > (A+D). 

CV. In the proportion A: B: : B : C, ( A + C) > 2B, so that 
the mean term of three proportionals is less than half the sum. 
of the extremes* 

PROPOSITION XV. THEORElil. 

If there be two series of magnitudes, such that the first 
term is to the second in the first series as the first 
term is to the second in the other series, and the 
second term to the third in the former as the second 
to the third in the latter, and so on ; then as the first 
term is to the last in the one series, so is the first to 
the last in the Qther. 

First, let there be three magnitudes in each series, viz. A, 
B, C in the one, and D, E, F in the other, furnishing the two' 
proportions A : B : : t) : E, and B : C : : E : F; then also 

A : C : : D : F. 

For take P, R any equimultiples of A, D ; and Q, S any 
equimultiples of C, F. 

A C D F 
P Q B S, 

Then it is to be proved that if P > Q, we must have R > S ; 
and if R>S, then also P>Q (Prop. IV.). Let us suppose 
T>Q. 

Since P, R are equimultiples of A, D, and Q, S equimul- 
tiples of C, F, it follows (Prop. VIII. Gor. 1.) that 

. P: B:: R:E, andQ:B:: S:E. 
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Let MheTA submultiple of B less than P-^Q, and take N 
an equisubmultiple of E, then M must be contained oftener in 
P than in Q, Now (Prop. VIIL Cor. 1, and by inversion), . 

JIf ; P : : JNT: R, and M ; Q : : jy : S; 

therefore (Def.7.) Nis contained as often in R as Af is con- 
tained in P, and consequentiyJNT is contained in R oftener than 
Jlf is contained in Q; but (Def. 7.) M is contained in Q as 
often as iV is contained in S, therefore N is contained in K 
oftener than N is ccxitained in S ; consequently R > S. In a 
similar manner^ if we had supposed R > S, it would have re«- 
suited that P > Q ; consequently (Prop. 4.) 

A : C : : D : F. 

Next let there be three magnitudes in each series, viz. : 
A, B, C, D, and E, F, G, H, furnishing the additional pro- 
portion C : I) : : G : H, 

Then, as shown above, A : C : : E : G, and since C : D : : 
G : H, it follows by the preceding case, that A : D : : E : H, 
and so on for any number of magnitudes. 

Cor. 1 . IftJie consequents in orte proportion be the antecedents 
in another^ a third proportion may be Jbrmed with the same 
anUcedents. as the first proportion and the same conseqiunts as 
the second. 

Cor. % Also if the antecedents in two proportions be t?ie 
same, the consequents of the one are as the consequents of the 
othery each to each ; or if the consequents be the same, then the 
antecedents of the one are as those of the other, each to each. 
This immediately follows from last corollary, by inverting the 
terms of the proportions. 

Car. 3^ From Cor. 1. Prop, XII. it appears, that if A : B : : 
C: D, then A+B : A : : C+D : C ; and from Prop. XllL 
A : A-B : : C : C-D; hence 

A+B : A-B : : C+D : C-D, or, when B> A, 
A+B : B-A : : C+D : D-C. 

FBOPOSITIOK XVI. THEOREM. 

If the antecedents in one proportion be the same as 

those in another, then the fii*st antecedent is to the 
- sum or difference of the first consequents, as the 

second antecedent is to the sum or difference of the 

second consequents* 

Let the proportions be A : B : : C : D and A : E : ;^ C : F, 
then, also, A : B±E : : C : D±F. 
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For (Cor. 2. last Prop.) B : E : . D : F, therefore (Props. 
XIL and XIII.) B : B±E : : D : D±F; but from the first 
of the proposed proportions B : A : : D : C ; hence (Prop. XV. 
Cor. 20A.B±E::C:D±F. 

. Cor, 1. It is likewise obvious that this result, combined with 
the first of the proposed proportions, gives (Cor. 2. last Prop.) 

B:B±E::D:D±F. 

, Cor. 3. If the terms of both proportions are all homog^[ieous, , 
,then, by alternation (Prop. X.) 

A : C : : B±E . D±F, and B : D : : B±E : D±F. 

Scholium, 

It is obvious that the reasoning might be extended to three 
proportions, then to four, and so on to any number. 

PROPOSITION XVII. THEOREM. 

If a magnitude measure each of two others, it will also 
measure their sum and difference. 

Let C measure A, or^be contained in it a certain number of 
tim& exactly ; 5 times fw instance : let C be also contained in 
B, suppose 9 times. Then A is equal to 5 times C, innd B is equal 
to 9 times'C : consequently A and B together must be equal 
to 14 times C, so that C measures the sum of A and B; ; like-' 
wise, since the difference of A and B is equal to 4 times C, 
C also measures this difference, ' and had any other numbers 
been chosen, it is plain that the results would have been 
similar. 

Cor. If Cmeiisure B, and aho J-^B^ or A-^B^ it mud 
measure A^ for the sum of^B and A— B is A, and the dif- 
ference of B and A+B is also A. 



PROVOSITIOK XVIII. PROBLEM. 

Two magnitudes of the same kind being given, to find 
their greatest common measnreu 

Let A and B be the proposed magnitudes^ it is required to 
find the greatest magnitude that can measore them both. 

Suppose A to be the greater of the two magnitudes, and let 
B be taken as often as possible from A, leaving a remainder C 
less thaA B ; let C be in like manner taken as often as possible 
from B, leaving a reipainder D less .than C ; now let I) be in 
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a similar way taken as often as possible from C, leaving a re- 
mainder E less than D, and so on tiU no remainder be left, whicli 
will be the case when the last measures the preceding one. 
The last remainder will be the greatest common measure 
sought. ^^ 

¥,at the magnitude sought, as it measures B^will measure 
any multiple thereof, and consequently, since it also measures 
A, it must measure the diflference between any multiple of B 
and A (Prop. XVII.) ; but Cis tlie difference' between a mul- 
tiple of B and A, therefore it measures C. Again, since it 
must measure a multiple of C, it must measure likewise the dif- 
ference between a multiple of C and B (Prop. XVII.) ; it roust 
therefore measure D ; m a similar manner, by continuing this 
reasoning, is it to be shown that the required measure must 
also measure E, and so on as long as there are any remainders. 

Now let us suppose that E. is the last remainder ; then E 
measures D, and therefore any multiple of it ; and since the dif- 
ference between C and a multiple of D is equal to £, E must 
measure C (Prop. XVII. Cor.), it must therefore measure a 
multiple of (3, and since the difference between B and a multiple 
of C is equal to D, which E has already been shown to measure, 
E tnust measure B ; it must therefore measure a multiple of B ; 
and since the difference between A and a multiple of B is C, 
which E h|U3 been shown to measure, E must measure A; 
E therefore measures both A and B. Now it has been shown 
aboye that every common measure of A and B measures the 
last remainder, and we have just proved that the last remainder 
must measure A and B; consequently the last remainder is the 
greatest dommon measure of A and fi. 

Cor. Hence, Af a last remainder can never be arrited aty 
that iSf if the idiove process be interminablcy the proposed mag- 
nitudes cannot have a common metmire — in ot/ier wordsy my 
are incommensurable. 



PEOPOSITION XXX. THEOBEM* 

If one magnitude contain another and leave a re- 
mainder, such that the greater of the two magnitudes 
is to the smaller as the smaller to this remainder, 
then the two magnitudes will be incomntensurable. 

Let A, the greater of two magnitudes, contain the smaller, 

B, any number of times, leaving for a remainder a magnitude 

C, such that A : B : : B : C ; then A and B cannot nave a 
common measure. 
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For let C, D, £, &c. be the successive remainders in the 
process for finding the common measure (last prop.). Then C 
cannot measure B, otherwise B would measure A (Prop. X.), 
and th^re could be no remainder ; but C is contained as often 
in B as B is contained in A (Def. 7.)- Let then P be the 
greatest multiple of B which is contained in A, and let Q be 
an equimultipfe of C, which must be the greatest contained in 
B; then (Prop. VI. Cor.) A : P : : B : Q, and (Prop. X.) 
A: B :: A-P : B-Q; but A-P = C, and B-Q=D, by 
hypothesis; therefore A : B : : C : D, or B : C : : C : D ; 
hence t) cannot measure C, for if it could, C would measure B. 
Let now F be the greatest multiple of C in B, and Q' the like 
multiple of D ; then, pursuing the same course as before, there 
results the proportion C : D : : D : E, so that E cannot measure 
D ; and so on for each succeeding remainder. It appears there- 
fore that no remainder can ever measure the preceding one, 
consequently the process for finding the common measure of 
A and B will be interminable, and therefore (Prop. XVIII. 
Cor.) these two magnitudes are incommensurable. 
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DEFINITIONS. 

1. Similar Jigures are such as have the angles of the one 
respectively equal to those of the other, and the sides contain- 
ing the equal angles proportional. 

2. The homowgous sides of two similar figures are those, 
which are each interjacent to two angles respectively equal. 

In dilFerent circles similar arcs, sectors^ and segments^ are 
those of which the ^rcs subtend equal angles at the centre. 

3. If two sides of another figure form the extremes, and two 
sides of another figure form the means, of a proportion, these 
rides are said to be reciprocally proportional. 

Note, — In addition to the symbols employed in the preceding 
book, we shall, for the sake of brevity, occasionally express the 
square of a line, AB, by AB* ; and for the rectangle of AB, 
BC, we shall often write simply AB BC. 



PROPOSITION I. THEOREM. 

Triangles, whose altitudes are equal, are to each other 
as their bases. 

Let the triangles ABC, o6c, have equal altitudes, then 
ABC : abc : : BC : be. 

For Aipon the 
prolongation of the 
oase BC, take any 
number of distances 
CD, DE, EF, &c., 
each equal to BC, 
and draw AD, AE, 
AF, &c. In like 
manner take any 
numberof distances, 
ed, de^ ef^ &c. upon the prolongation of 6c, each equal to fc, 
and draw ad, ac, a/*, &c. 

Then the triangles ABC, ACD, ADE, AEF are equivalent, 
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for they have the same altitude and equal bases (Prop. III. 
Cor. 2. B. II.) ; therefore whatever multiple BF is ofBC, the 
same multiple the triangle ABP is o^ the triangle ABC. For 
similar reasons whatever multiple bf is of 6c, the same multiple 
the triangle abf is of the triangle abc ; and if the base BF be 
greater than the base bf^ the triangle ABF must be greater 
than the triangle abf^ or if the base nfhe greater than the base 
BF, the triangle ajbf must be greater than the triangle ABF, 
for by hypothesis these triangles have equal altitudes. Now 
the base BF and the triangle ABF are any equimultiples of 
the base BC and the triangle ABC ; also the base bf and the 
triangle o^are any equimultiples of the base be and the tri- 
angle abc; therefore the four magnitudes BC, be, ABC, abe, 
are proportional, for it has been shown that it is impossible to 
find any equimultiples of the antecedents, and any equimultiples 
of the consequents, such, that the multiple of one antecedent 
may be greater than that of its consequent, while the multiple 
of the other antecedent is not greater than its consequent 
(Prop. IV. B. v.). ' 

Cor, Hence, rhomboids whose altitudes are equals are to eaeh 
oth^r as their bases, for rhom.boids are the doubles of triangles 
of the same base and altitude. 

Scholium. 

The converse of this proposition is obviously true, that is, 
triangles which are to each other as their bases have equal al- 
titudes, for the base of one triangle is to the base of the other, 
as the forme'r triangle to one of equal altitude upon the latter 
base, so that if the altitudes were unequal, the triangles, could 
not be to each other as their bases. 



PROPOSITION II. THEORE>f. 

Triangles, whose bases are equal, are to each other as 
their altitudes. 

Fpr every triangle is equivalent to a right angled triangle of 
equal base and altitude, and in right angled triangles, either of 
the perpendicular sides being considered as base, the other will , 
be tne altitude ; therefore, if in two such triangles either the 
bas/es or the altitudes be equal, they will, by last proposition, 
be to each other as the remaining sides ; therefore triangles, 
whose bases are equal, are to each other as their altitudes. 

Cor. Therefore, rhomboids, whose bases are equal, are to each 
other as their altitudes, 

e2 
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Scholium. 
The converse of this proposition, viz. triangles which are to 
each other as their altitudes have equal bases, is evidently true 
(see preceding scholium). 

PROPOSITION III. THEOREM. 

If four straight lines are proportional, the rectangle 
contained by the extremes is equivalent to the rect- 
angle contained by the means, and conversely^ if two 
rectangles are equivalent, their containing sides are 
proportional. 
Let the four lines AB, CD, DE,'BF be proportional, then 

AF, the rectangle of the extremes, is equivalent to CE, the 

rectangle of the means. 

Make DG equal to BF, _E 

and draw GH parallel to ^ 

DC. [ 

Then (Prop. I. Cor.) 

AF:CG::AB:CD;but ^ B O 

by hypothesis, AB : >CD : : 

DE : BF : therefore (Prop. 

II. B. V.) AF : CG : : DE : BF, or DG, but DE : DG : : 

CE : CG ; therefore (Prop. U. B. V.) AF : CG : : CE : CG, 

and the consequents being equal the antecedents are equal 

(Prop. IX. Cor. % B. V.), that is, AF = CG. 

Conversely, Let the rectangle AF be equivalent to the rect- 
angle CE. 

Then (Prop. I. Cor.) AB : CD : : AF or CE : CG, but 
CE : CG : : DE : DG (Prop. I. Cor;) ; therefore (Prop. 11. 
B. V.) AB : CD : : DE : DG or BF. 

Cor. It follows that if three lines^ are in continued propor- 
tion^ the rectangle of the extremes is equivalent to the square of 
the mean^ and conversely, if a square be equivalerU to a rent- 
a/ngle^ the side of the square is a mean between the sides of the 
rectangle. 

PROPOSITION IV. THEOREM. 

The rectangles contained by the corresponding lines 
* which form two proportions are themselves propor- 
tional. 

Let there be the proportions AB : BC : : CD : DE, and 
BF : CG : : DH : EI, then also AF : BG : : CH : DL 
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to D 



InCG or its production take C/rrBF, and in EI or its pro- 
duction take EA=DH, and through /"and h draw parall^ to 
BCandDE.^ 

Then (Prop. I. Cor. B. VI.) AF : B/: : AB : BC : : CD : 
DE : : CH : DA, and alternately, AF : OH : : B/*: DA. Now 
B/ : BG : : C/: CG : : EA : EI : : DA : DI ; hence, alter- 
nately Bf: DA : : BG : DI ; but it has just been shown that 
B/; DA :: AF : CH; therefore AF : CH ;: BG : DI, or 
AF ; BG : : CH : DI. _ 

Cor. L Hence the squares of four proportional lines are 
proportionals 

Cor. 2. Jf three lines are in continued proportion^ the square 
on thejirst is to the square on the second^ as thejirst line is to 
the third. Thus if A, B, C are three lines in continued pro- 
portion, then A : B : : B : C, and since A : B : : A : B, we 
have by the proposition, the square on A to the square on B, 
as the rectangle of A, B to the rectangle of B, C, and these 
rectangles are as A to C (Prop. I. Co^-.). 

Scholium. 

The converse of this proposition is not true, for it cannot be 
inferred that proportional rectangles have proportional sides, 
since a rectangle may be transformed into an equivalent one, 
having a side of any given length (Prop. XVII. B. IV^. 

The converse of the corollaries are true, that is, first, j^ 
Jour squares he proportional^ their sides will be ^proportional ; 
for let A, B, C, D represent the sides of four proportional 
squares, then if these sides are not proportional let there be the 
proportion A : B : : C : Q, then, by the corollary, A^ : B« : : 
C« : Q« ; but by hypothesis, A« : B^ : : C^ : D^ ; consequently 
(Prop. IX. Cor. 3. B. V.), Q«=D% and therefore Q =D. 

Again, if the squares on two lines are to each othef as the 
^rstline is to a thirds the three lines are in continued propor- 
tion^ for let A« : B* : : A : C, ajid let there be the continued 
proportion A i B : : B : Q, then, by the corollary. A* : B* : : 
A : Q ; but by hypothesis, A^ : B^ : : A : C, hence (Prop. IX. 
Cor. 3. B, v.), Q=:C. 
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PEOPOSITION V. THEOREM. 



If a straight line be drawn parallel to one of the sides 
of a triangle, it shall cut the other sides, or those 
produced, proportionally ; and conversely y if the sides 
or the sides produced, be cut propoi;|tionally, the 
cutting line will be parallel to the third side of the 
iriangle. 

In the triangle ABC let DE be drawn parallel to BC, then 
AD : DB : : AE : EC. 

For join BE, CD. 

Then the triangles BDE, 
DEC are equivalent, for 
their bases are the same, and 
being between parallels their 
altitudes are equal ; there- 
fore ADE : BDE : : ADE 
DEC, but (Prop. lO^ADE 
BDE::AD:DB,andADE 
DEC : : AE : EC ; hence 
(Prop.II.B. V.) AD:DB 
: : AE : EC. 

Conversely. Let now DE cut the sides AB, AC or their 
production, so that AD : DB : : AE : EC, then DE will be 
parallel to BC. 

For the same construction remaining, AD : DB : : AED : 
DEB, and AE : EC : : AED : DEC, hence AED : DEB : : 
AED : DEC ; consequently (Prop. IX. Cor. 2. B. V.), the 
triangles DEB, I^EC are equivalent, and having the same base 
DE, their altitudes are equal, that is, they are between the 
same parallels. 

Cor. AD+DB : AD : : AE+EC : AE, that is, AB : AD 
: i AC : AE, also AB : BD : : AC : CE. 




CD 



EB 



PROPOSITION VI. THEOREM. 

If through two sides of a triangle two lines be drawn 
parallel to the third side, the portions intercepted 
will be to each other as the sides themselves. 

Let the two sides AB, AC of the triangle ABC be divided by 
the lines DF, I;G parallel to BC ; then AB : AC : : DE : FCL 
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For by last proposition AD : AF : 
DJE : FG, ancl by the corollary AD 
AF : : AB : AC ; consequently, AB 
AC : : DE : FG. 
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£or. Hence if anyt number of parallels he drawn^ the sides 
mU be cut proportionally, the opposite intercepted portions 
being to each other, as the sides themselves. 

Scholium, 

The converse of this proposition does not follow, that is, it is 
not true, that if the portions intercepted by two lines cutting 
two sides of a triangle are to each other as those sides, the 
cutting lines will be parallel to the third side of the triangle ; 
for any two lin^s drawn from D, E to intercept on the other 
^ide a portion equal to FG, will be drawn as this converse 
directs, although only a single pair can be parallel to the side 



PROPOSITION VII. THEOREM. 

The line which bisects any angle of a triangle divides 
the opposite side into portions, which are to each 
other as the adjacent sides. 

Let AD bisect the angle A of the triangle ABC, then BD : 
DC::AB:AC. 
Draw CE parallel to DA, meeting BA produced in E. 

Then (Prop. V.) BD : DC : : BA : 
AE. Now because AD, EC are pa- 
rallel, the angle E is equal to the angle 
BAD, and^the angle ACE to the angle 
CAD, which is equal, by hypothesis, to 
BAD; it appears th^n that the angles 
E and ACE are each equal to BAD ; 
therefore AE is equal to AC; hence, 
putting AC for AE in the above pro- 
portion, we have BD : DC : : BA : 
AC. 
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PROPOSITION vui. THEOREM. (Convcrse of Prop. VIL) 

If a line from the vertex of any angle of a triangle 
divide the side opposite into portions, which are to 
each other as the sides adjacent, the line so drawn 
bisects the angle. 
In the triangle ABC (preceding diagram) let the line AD 

divide BC, so that BD : UC : : BA : AC, then is the angle 

BAD equal to the angle CAD, 

Draw CE parallel to DA, meeting BA, produced in E. 

Then (Prop. V.) BD : DC :: BA : AE; but by hypo- 
thesis, BD : DC : : BA : AC, therefore BA : AE : : BA : 
AC ; consequently, AEn AC, and therefore the angle ACE 
to the angle AEC ; but because of the parallels AD, EC, the 
angles ACE, AEC are respectively equal to the angles D AC, 
DAB ; these angles are therefore equal, and consequeptly AD 
bisects the angle BAC. 

PROPOSITION tX. THEOREM. 

If two triangles have the angles of the one respectively 
equal to those of the other, the sides containing the 
equal angles are proportional. 

Let the triangles ABC, DCE have the angles A, B, in the 
one, respectively equal to the angles D, C, in the other; these 
triangles will be similar. 

For let them be placed so that two 
homologous sides BC, CE may form ^ 

one straight line, and produce BA, / \ 

fiD till they meet in F. 

Then since the angle B is equa} to 
the angle DCE, the line BP is pa- 
rallel to the line CD ; also since the 
angle ACB is equal to the angle E, 
the line AC is parallel to the line FE ; 
therefore CF is a rhomboid, and con- 
sequently AFzzCD, and FD=AC. 

N6w because AC is parallel to FE, we have (Prop. V.) 
BC : CE : : BA : AF, and because CD is parallel to BF we 
have BC : CE : : FD : DE, and if in these proportions CD be 
put for its equal AF, and AC for its equal FD, they become 

BC : CE : : BA : CD 
BC : CE : : AC : DE 

whence BA : CD : : AC : DE. 
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Therefore the sides containing the equal angles are propor- 
tional, t .. 

CoT' 1. Hence (Def. 1.), if the angles of one tiiangle are 
respectively equal to those of another^ the triangles are similar. 

Cor. 2. Therefore if a line be , drawn parallel to one of the 
sides of a triangle HjioiUcut off a triangle similar to the whole, 

PROPOSITION X. THEOEEM. {Converse of Prcp. IX.) 

The angles of one triangle are respectively equal to 
those of another, if the containing sides are pro^ 
portional. 

. In the triangles ABC, DEF, let there be the following pro- 
portions among the sides, viz. 

AB : BC : : DE : EF 
AC : CB : : DF : FE ; 

then will the angles B, C, A be respectively equal to the angles 
E, F, D. 

For, let EG, FG be dra\vn, 
m^ing angles at E and F, 
with the side EF respectively 
equal to the angles B and C ; 
then the triangles ABC, GEF 
have the angles in the one re- 
spectively equal to those of 
the other, and, consequently 
(Prop. IX.), the containing 
sides are, proportional ; so that 

AB:BC::EG:EF; 
but AB : BC : : DE : EF, by hypothesis : hence 

(Prop. IX. Cor. 3. B. V.) EG is to equal to DE. 

Again, AC : CB : : FG : FE ; 
but AC : CB : : DF : FE, by hypothesis; therefore, 

FG is equal to DF. Since, then, the sides of the triangle 
EGF are respectively equal to those of the triangle DEF, these 
triangles are equal ; but the angles of the triangle EGF are 
respectively equal to those of tfie triangle ABC ; therefore the 
angles of the triangle DEF are respectively equal to those of 
the triangle ABC. 

Cor. Hence, triangles w?tose corresponding* sides are jpro^ 
portional^ are similar. Indeed the above demonstration esta- 
blishes the similarity of the triangles, if they have the sides 
containing two angles in each {H*oportional. 
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PROPOSITION Xr. TH£OU£M. 

Triangles are similar, which have an angle in the one 
equal to an angle in the other, and the containing 
sid^s proportional. ' 

Let the triangles ABC, DEF have the angle B in the one 
equal to the angle E in the other, while the containing sides 
form the proportion AB : BC : : DE : EF ; the triangles are 
similar. 

For, make BG, BH re- 
spectively equal to ED, EF, g/A D 
and join GH. ^ ^ 

Then the triangles GBH, 
DEF are equal, since two 
sides and the included angle 
in the one are respectively 

equal to two sides and the included angle in the other; 
hence, and by hypothesis, AB : BC : : GB : BH, that is, the 
sides BA, BC of the triangle ABC are cut proportionally by 
the line GH; GH, therefore, is parallel to AC (Prop. V.) : 
hence (Prop. IX. Cor. 2.) the triangle GBH is similar to the 
triangle ABC, and the triangle DEF has been shown Xa be 
ecjual to the triangle GBH; therefore the triangle DEF is 
similar to the triangle ABC. 

SchcAiwnu 

The above proposition is obviously true of rhomboids, that 
is, rhomboids are similar which have an angle in the one equal 
to an angk in the other ^ and tfie containing sides proportional ; 
for such rhomboids must be equiangular, and the opposite sides 
of each being equal, it follows that the sides containing the 
ecjfial angles are proportional ; therefore (Def. 1.) they are 
similar. 

' PROPOSITION XII. THEOREM. 

Triangles are similar which have an angle in each equal, 
and the ^ides containing another angle proportional, 
provided the third angle in each be of the same 
charactei'. 

In the triangles ABC, DEF let the angles B, E be equal, 
while the angles A, D areboth either right, obtuse, or acute ; 
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and let there also be the ppoportion BC : CA : : EF : FD, then 
the triangles are similar. 

If BC is equal to EF, then, 
by the proportion, C A is eq ual 
to FD ; so that in this case 
the triangles, having two sides 
and an opposite angle in each 
respectively equal, while the 
other op{x>site angles have the 

same character, are equal (Prop. XXVI. B. I.), and, there- 
fore, necessarily similar. But, if one of these sides as> BC is 
greater than the other EF, let BH be equal to EF, and draw 
H6 parallel to CA ; then the triangles ABC, GBH are similar 
(Prop. IX. Cor. 2.) ; so that 

BC : CA : : BH : HG; but, by hypothesis, 
BC : CA : : EF : FD, 

and, by construction, BH — EF, therefore (Prop. I^, Cor. 3. 
B. V.) HGziFD. The two triangles GBHj DEF, having 
thus two sides, and a corresponding opposite angle in each 
respectively equal, while the other opposite angles G, D have 
the same character, are equal ; but the trianele GBH is similar 
to the triangle ABC; therefore the triangle DEF is also si- 
milar to the triangle A-BC. 

Cor, If the equal angles in each triangle *be either obtuse or 
right, then, since the other angles must be acute, it follows that 
triangles are similar which have either a right or an cbtuse 
angle in each egtuily ami the sides containing another angle 
in each proportional. 

Scholium. 

The converse of the two last propositions is obviously in- 
cluded in the definition of similar figures. 



PROPOSITION XIII. TH'iOREM. 

In similar triangles the bases are as the altitudes. 

Let ABC, DEF be similar triangles, the base BC is to the 
base EF as the altitude AG to the altitude DH. 

F«r, since the angles B, C 
are by hypothesis equal, the 
right angled triangles ABG, 
DEH are similar (Prop. 
IX.) ; therefore BG : EH : : 
AG : DH. For similar 
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reasons GC : HF :: AG : DH; coDsequently BG : EH : : 
GC : HF, or BG : GC : : EH : HF; therefore (Prop. XI. 
Cor. 2. B. V.) BG+GC : EH+HF : : BG : EH, but BG : 
EH:: AG: DH;, hence 

BC : EF : : AG : DH. 

Scholium. 

The converse of this proposition fails, for all triangles of the 
same base and altitude being equivalent, it is obvious that two 
may have their bases as their altitudes without being similar. 

PROPOSITION XIV. THEOREM. 

The perpendicular, from the vertex of the right angle 
to the hypothenuse of a right angled triangle, divides 
it into two triangles similar thereto. 

In the triangle ABC right angled at A, let the perpendicular 
AD be drawn, then will each of the triangles a6d, ACD be 
similar to the triangle ABC, and, consequently, similar to each 
other. 

For the triangles ABD, ABC have the 
angle B in common, and they are both 
right angled ; they are, therefore, similar 
(Prop. IX.). For like reasons the tri- 
angles ACD, ACB are also similar ; each ' 
of the triangles ABD, ACD are, there- 
fore, similar to the triangle ABC. 

Cor. 1. Hence BC : BA : : BA : BD, that is, a side of a 
right angled triangle is a mean 'proportional between the hypo- 
thenuse and that part of it intercepted by the proposed side, 
and the perpendicular from the vertex of the right angle. 

Cor, % The similar triangles ABD, ACD furnish the pro- 
portion BD : AD : : AD : DC, that is, the perpendicular from 
the vertex of the right angle to the hypothenuse^ is a mean be- 
tween the parts into which the hypotfimuse is divided by it. 




Schoii 



lum. 



By combining the relations exhibited in these corollaries, we 
arrive very easily at the celebrated property of the right angled 
triangle, which forms Proposition X. of Book I. ; for, from 
Cor. 1. and Prop. III. it appears that AB-=:BD.BC, and 
AC*=DC.BC ; therefore by addition AB^+AC«=BD-BC4. 
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DC.BC=(BD+DC).BC (Prop. iV. B. II.) ; but (BD+DC) 
=BC ; therefore AB«+AC*=BCS which is the property re- 
ferred to. 

We may here add the remark which Legendre has subjoined 
tp this propbsition, viz. That it frequently happens, as in this 
instance, that by deducing consequences from one or more pro- 
positions, we are led back to some proix)sition already proved. 
In fact, the chief characteristic of geometrical theorems, and 
one indubitable proof of their certainty is, that however we 
combine them together, provided only our reasoning be correct, 
the results we obtain are always perfectly accurate. The case 
would be diflFerent if any proposition were false or only ap- 

Eroximately true; it woula frequently , happen that, on com- 
ining the propositions together, the error would increase and 
become perceptible. Examples of this are to be seen in all the 
demonstrations, in which the rediktio ad abstfrdum is employed. 
In such demonstrations, where the object is to show that two 
magnitudes are equal, we pro(;ped by showing that if there 
existed the smallest inequality between them, a train of accurate 
reasoning would lead us to a manifest absurdity ; from which 
we are forced to conclude that the two magnitudes are equal. 

PROPOSITION XV. THEOREM. (Convcrse of Prop. XIV.) 

If a triangle is divided into two similar triangles, by a 
perpendicular from the vertex of one of its angles to 
the opposite side, that angle shall be a right angle. 

Let the perpendicular AD divide the triangle ABC into the 
two similar tnangles ABD, ACD, then the angle BAC is a 
right angle. 

For one of the angles of this triangle 
must necessarily be right, otherwise it 
could not be similar to the right angled 
triangles into which it is divided : now, 
neither B nor C can be right, since neither 
are parallel to AD ; hence BAC must be 
a right angle. 

Scholium, 

It is further obvious that, if from the vertex of the right 
angle a line drawn to the hypothenuse divide the triangle into 
ttgfo triangles similar thereto, the line so drawn wiU be perpen^ 
dicular to the hypothennse ,• for neither B nor C can be a right 
angle, hence ADB must. 
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It appears, likewise, that the right angled triangle is the 
only triangle that can be divided into two triangles similar to it ; 
for, in all cases, the exterior angle ADB is greater than either of 
the angles ACD, DAC ; and, therefore, if the triangles ABD, 
ACD are similar, the angle ADB must be equal to the angle 
ADC, AD must, therefore, be perpendicular to BC, and, by 
the proposition, the angle BAG must in consequence be right. 
It follows, moreover, that no triangle can be divided into two 
scalene triangles that shall be similar to each other. 



PROPOSITION 5CV1. THEOREM. 

Triangles having an angle in the one equal to an angle 
in the other, are to each other as the rectangles of 
their containing sides. 

Let the triangles ABC, DEF have the angle B in the one 
equal to the angle E in the otBer, then 

" ABC : DEF :: ABBC : DEEP. 

For, draw AG perpendicular 
to BC, and DH perpendicular 

Then the triangles ABG, / \v /\\ 

DEH are similar, consequently B ^— i -^0 E"^ Jx 1^ 

AB : AG :: DE : DH; now ' 

(Prop. I. Cor.) AB.BC : AGBC : : AB : AG, 
and DEEF : DHEF : : DE : DH ; 

therefore AB-BC : AGBC : : DEEF : : DHEF; now 
(Prop. III. Cor. V. P. II.) AG-BC is double the triangle 
ABC, and DH-EF is double the triangle DEF ; therefore, 
(Prop. X. Cor. 1. B. V.) ABBC : DEEF : : ABC : 
DEF. 

Cor. 1. Hence, if tlie rectangles of the aides 'containing the 
equal angles be equivalent^ the triangles will be equivalent^ and 
^triangles having an angle in the one equal to an jangle in the 
other be equivalent^ the rectangles of the sides containing the 
equal angles will be equivalent ; the same is also true of rhom- 
boids having an a/ngle in each equals for each rhomboid is cam- 
posed of two such triangles (Prop. II. Cor. 1. B. II.). 

Cor. 2. Therefore, triangles having an angle in the one 
equal to am, angle in tlie other^ and the containing sides redr- 
^procaUy proportional^ are equivalent; and,, conversely, equi- 
valent triangles having an angle in each equals ham their conr 
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tamvnff sides recifprocaUy proportkmai^ and tlie same is true of 
rhomboids. 

Cor. 3. Since the angles B, E are equal, the right angled 
triangles ABG, DEH are similar, and furnish the proportion 

AB : DE : : BG : EH, 
and BC: EF : : BC : EP; 

therefore (Prop. IV.) AB-BC : DEEP :: BGBC : EH-EF; 
consequently the tricmgle ABC is to the triangle DEF as the 
rectangk bG'BC is to the rectangle EH*EF ; cmd if BG=i 
BCy mat isyifCbe a right anffs^ then the triangles are to 
each other as BC^ is to EHEF. 

Scholium. 

The converse of the above proposition is not true, viz. if 
two triangles are to each other as the rectangles of two sides in 
each, these sides will include equal angles. . 

Let ABC, ADE be two tn-- 
angles, having a common angle 
A. Produce DA till AF is equal 
to it, ahdjoin FE. 

Then >\BC : ADE : : AB- 
AC : ADAE, and since AF = 
AD, the triangles AEF, AED 
are equivalent ; therefore 

ABC : AEF : : AB- AC : AF AE ; 

now the angles BAC, EAF are equal only when BAC is a 
right angle ;, in every other case therefore this converse fails. 

This circumstance affords us an opportunity of exemplifying 
to the student one of the advantages arising from attending to 
converse propositions. It is doubtless both interesting and im- 
portant to know, when any particular property has been shown 
to belong to figures constructed under certain conditions, whe- 
ther this property be peculiar to those figures, or whether it 
be not at least possible for some other figure of the same class, 
but under a different modification of form, to possess the same 
property. Converse propositions enable to discover this : — If 
the converse is true, we mfer that whenever the property or 
relation specified in the direct proposition is found to exist in 
any figure coming ^under the same general definition, it is 
necessarily one of those which the proposition distinguishes. 
But if the converse fail, we then conclude that the property 
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clemonstrated to exist under the proposed conditions, exists also 
under different conditions, and this must necessarily happen 
when the proposition is only a particular case of one more 
general; and, therefore, it is aavisable when these failures 
occur to examine whether the proposition cannot be rendered 
more comprehensive. The present proposition is of this kind, 
being included in the following : — , 

TricmgUs having cm angle in the one equal to an ofngle in 
the other J or having an angle in the one^ together with an 
angle in the other eqiml to two right angles^ a/re to each other 
as the rectangles of the containing sides. To show this it is 
only necessary to remark, that it is proved in the scholium to 
Prop. XXIX. Book I., and may also be inferred from Cor. 2. 
to Prop. III. Book II,, that two triangles are equivalent, when 
two sides of the one are respectively equal to two sides of the 
other, and the sum of the included angles equal to two right 
angles; and, consequently, the proportion AB«BC : DE- 
EP : : ABC : DEF, to which the above demonstration con- 
ducted will continue true, although we substitute for one of 
the triangles, as ABC, another, having the same sides AB, 
BC, but including an angle, making with the angle E two 
right angles. The converse of this proposition will be : — If 
two triangles are to each other as the rectangles of two sides in 
ea^ch^ these sides will ificlude either equal angles, or else angles 
whose sum^ will make two right angles^ which the student will 
not find much difficulty in demonstrating. 



PROPOSITION XVII. THEOREM. 

Similar triangles are to each other as the squares of 
their homologous sides. 

Let the triangles ABC, DEF be similar, and let BC, EF^ 
be homologous sides ; that is, let the angles B, C be respec- 
tively equal to the angles E, F, then 

ABC : DEF : : BC^ : EF^. 

For, let BG be a third ^ 

proportional to BC, EF; y^ • ^ 

that is, let there be the >// \ v^^ 

proportion BC : EF : : ^ ^ / \ ^ ^ x^ \ j 

Because the triangles are 
similar, AB : BC : : DE : EF, and alternately AB : DE : : 
BC : EF ; therefore AB : DE : : EP : BG ; that is, the 
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side& about the equal angles B, £ of the triangles ABG, DEF 
are reciprocally proportional ; therefore (Prop. XVI. Cor. 2.) 
these triangles are equivalent. Now, BC : BG : : ABC : ABG, 
but (Prop.. IV. Cor. 2.) BC : BG : : BC* : EF^ therefore, 
putting the triangle DEF for its equal ABG, we have 

ABCiDEF:: BC« : EF*, 
or, since the squares of proportional lines are proportional, 
ABC : DEF : : BC* : EF^ : : AB- : DE* : : AC« : DF\ 
Cor. Since triangles of the same altitude are to each ot^ier 
as their bases, it follows (Prop. XIV.) that in a right angled 
triangle the sqiutres of the sides are to each other a* the adjacent 
parts into which the perpendicular Jrom the vertex of the right 
angle divides the ht/pothenuse^ that is, in the diagram to pro- 
position XIV. AB* : AC* : : BD : DC. 

PROPOSITION XVIII. (Converse of Prop. XVII.) 

Triangles which are to each other as the squares of 
their respective sides are similar. 

Let the triangles ABC , ^ 

DEF be to each other as y\ * j3 

the S(|uares of their respec ^^ \ ^A 

tive sides, that is, ^ ^ \^ ^ y^ \ ^^ 

ABC : DEF : : BC^ : EF^ : : AB« : DE^ : : AC* : DF«. 

Then, since the sides of proportional squares are proportional, 

BC : EF : : AB : DE :: AC : DF; ^ 

hence, the angles of the triangle ABC are respectively equal to 
those of the triangle DEF (Prop. X.), that is, the triangles are 
similar. 

PROPOSITION XIX. THEOREM. 

Similar polygons may be divided into the same number 
of triangles, similar each to each, and similarly situ- 
ated ; and, conversely^ polygons which are composed 
of the same number of triangles, similar each to each, 
and similarly situated, are themselves similar. 

Let the polygons in the margin be similar, the angle A being 
equal to the angle a, the angle B to the angle 6, and so on ; 
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while the sides containiiig these angles are propordcnial ; they 
may be divided into the same tiutoibel- of similariy sitttotea 
triangles, whifeh will be simikr each to each. 

For, from the vertices of two corresponding angles as A, «, 
let diagonals be drawn. 

Then, because the poly- E 

gons are similar, AB : BC : : 
ab : .Ac, from which we infer 
the similarity of the tri- 
angles ABC, abc (Prop. 
XI. )2 and they evidently 
occupy similar situations in 
the two polygons. The 
angles ACB, acb are, there- 
fore, equal, and since the angles BCD, led are also equal, the 
angles ACD, acd are equal. Now the similar polygons furnish 
the proportion 

BC : CD :: be : cd, and the similar triangles ABC, 
abc give BC : AC :: be : etc; 
hence AC : CD :: ae : cd; 

therefore (Prop. XI,) the triangles ACD, acd are similar, and 
they are similarly situated. In like manner may the triangles 
ADE, ode he proved to be similar, and so on in every pair of 
corresponding triangles ; hence, similar polygons may be oivided 
into the same number of triangles, similar each to each, and 
similarly situated. 

Conversely, Let the polygons be composed of the Same 
number <^ similar triangles similarly situated, the polygons are 
similai. 

For, since the corresponding triangles are similar, the follow- 
ing angles are equal each to each, viz. Bi=ft, BCAizica, 
ACD = acd, CDA zrcda, ADEzzorfc, and so on round flie two 
polygons ; therefore, by addition, we shall find the angles of 
the one polygon equal to the corresponding angles in the other, 
that is, B-6, BCDrzftccZ, CDEzicdc, and so on; we have, 
morepver, the proportions 

AB :ab: : BC : 6c :: AC : ac :: CD : cd, &c. 

therefore the polygons have their angles respectively e^wd, and 
the containing siae^ proportional. 
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PROPOSITION XX. THEOEEM. 

The perimeters of similar polygons are to each other as 
their homologous sides. 

Let the polygons in the opposite raarffin be similar, they will 
be to each other as their homologous sides. 

For, since the polyj^ons are similar, we have th^ following 
proportions among theu* homolc^ous sides, .yiz. 

AB:ab:.BC:bc : : CD : cd, &c. ; ^ 
and, since in a series of proportionals, one antecedent is to its 
consequent as the sum of the antecedents to the sum of the 
consequents (Prop. VI. B. V.), we have 

AB :ab:: ABCD &c : ofcd &c.; 
that is, the perimeters are as their homologous sides. 

Car. The perimeters are oho as the corresponding ditp- 
gonals. 

ScJiolium, 

Th6 converse of this proposition is not true, viz. if the peri^. 
meters of two polygons are as their respective sides, the pcdy* 
gons will be similar. 

Let ABCDE beany polygon, and 
from D draw D^, makmg an angle 
with DC less than the angle EDC, 
and let De be equal to D£ ; then, 
if from ^ as a centre, with a radius 
equal to £A, an arc be described, 
and from B as a centre, with a 
radius equal to BA another be 
described, cutting the former in a, 
and if the lines m, Ba be drawn, 
it is obvious that the sides of the polygon aBCD^ will 
be respectively equal to those of the polygon ABCDE, al- 
thoii^ tliey will be dissimikr, since tneir angles are not re- 
speptively equal. Now, if a polygon similar to either of these 
be eOAstructed, that perimeters will be as their respective sides, 
and if the disdmikr polygon be compared with this new poly- 
^n, the perimeters will in like manner be as their respective 
sides ; hence the converse of the proposition fails. In triangles, 
however, the converse holds, for if the respective sides are to 
each other as their perimeters, these perimeters are. to each 

H S 
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other as AB : oft : : BC : be : : AC : ac, that is, the homologous 
sides arc/proportional. Although, therefore, the proportionality 
of the sides is sufficient to estabhsh the similarity of triangles, 
it is not sufficient for the higher polygons ;, and ip like manner, 
although in triangles equality of angles establishes proportion- 
ality of sides ; yet, in other polygons, this proportionalit]p^ is 
not a consequence of such equality in their corresponcling 
angles, for a parallel to one of the sides of a polygon, passings 
through the two adjacent sides and cutting off a portion of the 
polygon, will, with the remaining sides, form a polygon of tbe 
same angles, although the proportionality of the sides must 
necessarily be altered. 

PROPOSITION XXI. THEOREM. 

In similar polygons the surfaces are to each other as 
the squares of their homologous sides. 

Let the polygons in the margin be similar, and let them be 
divided into similar triangles, by diagonals drawn from the 
vertices of the equal angles A, a. 

Then, by comparing these 
similar triangles, we have the 
proportions 

Ae : ac" ::,ABC : abc 




AC« : ac" :\ ACD : acd 

and since AC : cu^ : : AD^ : 
ad* ; we have moreover 

AC* : ac^ :: ADE : ode, 

therefore 

ABC lahci: ACD : acd : : ADE : ade, 

consequently 

ABC+ACD+ADE:afo+acd+fl(fe:: ABC:a6c::AB^:a6s 

that is, the polygons ABCDE, abcde are to each other as tbe 
squares of their homologous sides. 

Cor. 1. Similar polygmis are to each other as the squares of 
any corresponding diagonals. 

Cor. 2, If* similar polygons fiave a side in one equal to an 
homologous side in the otJier^ the polygons must be equal, 

' Scholium, 

The converse of this proposition fails ; viz. If the surfaces 
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of two polygons are to each other as the squares of their cor- 
responding sides, the polygons are similar. 

JLet the surfaces of the two polygons ABCDE, abcde be to 
each other as 

AB' : : oS* : BO : : ftr^ : CD* : : cd , &c 

Now it has been shown in the scholium to the precedii^g 
proposition, that the proportionality of the sides is insufficient 
to establish the similarity of the polygons ; but from this pro- 
portionality which is thus expressed, 

AB : oft : : BC : 6c : : CD : cd, &c. 

the following is derived (Prop. VI. Cor. 1.), 

AB« : a6« : : BC'^ : 6c« : : CD^ : cd^, &c. 

therefore this is insufficient to establish the similarity of the 
polygons ; consequently the converse fails, 

PROPOSITION XXI 1. THEOREM. 

If similar polygons be described upon the two sides, 
and upon the hypothenuse of a right angled triangle, 
that on the hypothenuse w^ill be equivalent to both 
those on the sides ; and, conversely^ if similar poly- 
gons be described on the sides of a triangle, and if 
that on the longest side be equivalent to both the 
others, the angle opposite to that side will be right. 

Let the triangle ABC be right angled at A, then whatever 
rectilineal figure be described on BC it shall be equivalent to 
both the similar figures described on AB and AC. 

For let us denote the figure on BC by X, 
that on AC by Y, and that on AB by Z. 
Then by the preceding proposition, 

X : BC^ ; : Y : AC^- : : Z : AB ; 

therefore (Prop. VI. B. V.) 

X:BC':: Y + Z:AC'+ABf; 

but (Prop. X.B. II.) BC*== AC*+-^BS therefore X= Y+Z ; 
hence the polygon on BC is equivalent to the similar polygons 
on ABj AC. 

Conversely, Let X, Y, Z denote the three similar polygons 
described upon BC, AC, AB, the .respective sides of the tri- 
angle ABC, then if X=Y+Z, the angle A will bo a right 
angle. 
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For the polygons being similar 

X:BO:: Y: AC*::Z: AB^ 

therefore 

X : BC* : : Y+Z : AC^+AB*. 

Now by" hypothesis, X=Y+Z; therefore BC*=AC«+AB«, 

and consequently (Prop. XII. Cor. 1. B. II.) the angle A is 

right. 

PROPOSITION XXIII. THEOREM. 

In equal circles, angles at the centres are to each other 
as the arcs which they subtend. 
Let the circles ABC, DEF be equaJ, and let BGC, EHF 
be angles at their centres, then the angle BGC is to the angle 
EHF as the arc BC is to the arc EF. 

Upon the circumference 
ABC take any number of 
consecutive arcs CK, KL, 
&c., each equal to BC, and 
in like manner upon the cir- 
cumference DEF take any 
number of arcs, FM, MN, 
&c. each equal to EF ; draw 
GK, GL; HM, HN. 

Then, because the arcs BC, CK, KL are equal, the angles 
which they Subtend at the centre are also equal; therefore 
whatever multiple the arc BL is of the arc BC, the same mul- 
tiple is the an^ie BGL of the angle BGC. For similar reasons 
wnatever multiple the arc EN i^ of the arc EF, the same mul- 
tiple is the angle EHN of the angle EHF; and if the arc BL 
be longer than the arc EN, the angle BGL must be greater 
than the angle EHN, or if the arc EN be lon^r than the arc 
BL, the angle EHN must be greater than the angle BGL. 
Now the arc BL and the angle BGL are any equimultiples 
whatever of the arc BC and the angle BGC, also the arc EN 
and the angle EHN are any equimultiples of the arc EF and 
the angle EHF; consequently (Prop, IV. B. V.) 

flngfe BGC : ar^le EHF ncurcBQiarc EF. 

Cor. 1. It follows that an a/ngle at the centre is to four right 
angles^ as the arc which suhtends it is to the whole circum^ 
ference ; for the angle BGC is to CGK as the arc BC to CK, 
and the anffle BGC is to. KGL as the arc BC to KL, ^od 
iso on round the circumference ; therefore (Prop. XVI. Schol. 
B. V.) the angle BGC is to the sum of the angles about G as 
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the arc BC to the sum of the arcs BC, CK, KL, &c. round 
the circumference. 

Cor. 2. It is obvious that the sccIots BGC, CGK, KGL, 
&c. are equal, since they would coincide, if applied to each 
other ; in like manner, the sectors EHF, FHM, MHN are also 
equal; consequently, if in the preceding demonstration; we 
were to substitute sectors for angles^ it would follow that in 
equal circles sectors are to each other as their arcs^ and in the 
same circle any sector is to the whd^ circle as its arc is to the 
circumference. 

PBQPOSITION XXIV. TH£OR£M. 

If two choirds intersect each other, the rectangle con- 
tained by the parts of the one is equivalent to the 
rectangle contained by the parts of the other. 

Let the chords AB, CD intersect in E, then AEEBn 
CEED. 

For join AC, BD. 

Then the angles B, C, subtended by 
the arc AD, are equal, and the angles 
BED, CEA being also equal, it follows 
that the triaagles AEC, DEB are si- 
milar, therefore AE : DE : : EC : EB ; 
consequently AEEB^DEEC. 

Cor. 1 . The parts of two chords intersectiiig each other are 
redprocaUy proportional. 

Car, 2. If one of the chords be a diameter, and if the other 
be perpendicular to it, then, since it is bisected thereby (Prop. 
V. B. III.), it follows thai the rectangle of the parts into 
which a perpendicular chord divides a diameter^ is^ equivalent 
to the square of half that chord. 

PROPOSITION XXV. THEOREM. {Convcrsc of Prop. XXIV.) 

If two straight lines intersect each other so. that the 
rectangle of the parts of the one may be equivalent 
to the rectangle of the parts of the other, a circum- 
ference' may be described through their extremities. 

Let AB, CD intersect in E, so that AEEB;5:BEEC, then 
the points A, C, B, D, all lie in the si^me circumference. 
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For suTOose that a circumference is 
described tnrough three of the points, 
as A, C, B, (Prop. VIII. B. III.), 
and that it intersects CD in F. 

Then, by^ last proposition, AE*EB 
= FE-EC; but by hypothesis, AE- 
EB=DE*EC; hence the rectangles 
FEEC and DE-EC are equivalent, 
and one side EC is common to both ; 
therefore the other sides FE, DE are 
equal (Prop. III. Schol. 2. B. III.), so that the points F and 
D coincide. 

Cor. Hence if the diagonals of a qiuidrilateral intersect each 
other ^ so that the rectangle of the parts of the one may he equi^ 
valent to tfie recta/ngle of the parts of the others a circumference 
may be circumscribed about it. 



PROPOSITION XXVI. THEOREM. 

If from a point without a circumference two straight 
lines be drawn, one to touch the circumference, and 
the other to cut it in two points, the square of the 
tangent will be equivalent to the rectangle contained 
by the other line, and that part of it which is without 
the circle. 

From the point E let the lines EA, EBC be drawn, the 
former touchingthe circumference ACB, and the lattet cutting 
it, then EA«=ECEB. 

Draw AB, AC. 

Then the triangles EAC, EBA 
having the angle E in common, and 
EAB, included by a tangent and a 
chord, equal to the angle C in the al- 
ternate segment (Prop. XV. B. III.), 
it follows that they are similar, so that 
EC : EA : : EA : EB ; therefore 

EA*=ECED. 

Cor. 1 . Hence, if from a point one line be drawn to touch, 
atid another to cuf^ the circumference, the former will be a 
mean proportional hetweert the latter and that part of it which 
is zcithmit the circle. 
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Cor.,^, Also, if from the same point two lines be drazem to 
cut the circumference^ the rectangle contained by the whole and 
the external part rfthe one wiUbe equivalent to the rectangle 
contained by the whole and the external part of the other, each 
rectangle being equivalent to the square of tne tangent from 
the same point. 

Cor. 3. Consequently, of two lines so drawn the wholes will 
be reciprocally proportional to their external parts. ' 

Cor. 4. Tiffo tangents drawn from the same point are 
equal. 

Cor, 5. And since a radius drawn to the point of contact is 
perpendicular to the tangent, it follows that the amgle included 
by two tangents drawn from the same point is bisected by a line 
arcmnfrom the centre of the circle to that point, for tnis line 
forms the hypothenuse common to two equal right angled 
triangles. 

PROPOSITION XXVII. (Converse of Prop. XXVt.) 

If from a point without a circumference, two lines be 
drawn to it, of which one cuts it, so that the rect- 
angle of the whole line and the external part may be 
equivalent to the square oi the other line, this latter 
is a tangent to the circle. 

Let the lines EC, EA be drawn, tlie former cutting the 
circumference ABC in the points B, C, so that EC'EB=: 
E A^ then EA touches the drcumference. 

For if E A be supposed to cut the 
circumference, let two tangents be 
• drawn from E, then (last Prop. Cor. 
1 .) each is amean proportional between 
EC, EB ; but by hypothesis, EA is 
also a mean proportional between EC, 
£B; hence EA is equal to each of the 
tangents, that is, from the same point, 
riot the centre, three equal lines are 
drawn to th^ circumference, which is 
impossible (Prop. VJII, Cor. 2. B. 
III.) ; hence EA cannot cut the circumference. 

Scholium. 
1. The converse of corollary 1. to proposition XXlL being 
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QotbiQ^ more than the propoution itself^ expressed in different 
• terDis, IS therefore true, 

2. With respect to the second corollary the converse is also 
true, viz. If from the same point two lines be drawn and be 
divided, so that the rectangle of the whole, and the jpart ia«« 
tercepted between their concourse and the point of oivision, 
may be the same in each, a circumference may be described 
through the other extremities of the lines ana the points of 
division. This may be proved as the converse of Prop. XXI Y- 
by showing that the circumference passing througn three oi 
the points must necessarily pass also through the fourth (see 
prop. XXV.) 

3, The third corollary is the second differently exju^essed,. 
its converse is therefore true. The converse of the remaining 
corollaries do not obtain. 



PROPOSITION XXVIII. THEOREM. 

In every triangle the rectangle of two sides is equiva- 
lent to the rectangle contained by the perpendicular, 
from the vertex of their included angle to the 

'- third side, and the diameter of the circumscribing 
circle. 

Let ABC be a triangle circumscribed by the circle ABEC, 
of'wWcb AE is the diameter, and let AD- be perpendicular to 
BC, then ABAC = ADAE. 

JoinCE. 

Then the triangles ABDj AEC are 
right anded at D and C (Prop. XIV. 
Cor. 6. B. III.), and the angles B and 
E, subtended by the arc AC, are equal ; 
these triangles are therefore simitar, so 
that AB : AD : : AE : AC;, conse- 



quently, 




ABAC = ADAE. 



Scholium. 

1. If the angle A were right, theft BC would bcv equal to 
AE (Prop. XV. Cor. 2. B. III.), so that the above proportion 
would bo AB : AD t : BC : AC, consequently AB : BC : : 
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AD : AC ; and from these proportions we infer (Prop. XII.) 
that the perpendicular from the vertex of the right angle to 
the hypothenuse divides the triangle into two similar ones, so 
that proposition XIV. is immediately deducible from the above 
proposition, which may be otherwise enunciated, thus :-<— Any 
fflde of a triangle is to the perpendicular from its extremity to 
another side, as the diameter of the circumscribing circle is to 
the thiid side. 

3. It is plain, that the converse of the proposition is true, 
that is^ if the rectangle of two sides of a triangle is equivalent 
to a rectangle, of which one side is the perpendicular upon the 
third side of the triangle, the other side of the rectangle will 
be equal to the diameter of the circumscribing circle ; or if 
one side of the rectangle be equal to the diameter of the cir- 
cumscribing circle, the other side will be equal to the per- 
pendicular. 



PROPOSITION XXIX. THEOREM. 



In every triangle the rectangle of two sides is equiva- 
lent to the rectangle of the parts into which the line, 
bisecting their included angle, divides the third side, 
tog;etber with the square of this line., 

If in the triangle ABC the line AD bisect the' angle A, ' 
thcE ABAC=BDDC+AD«. 

For let a circumference be described through the points A, 
B, C, and let AD bd prdcmged till it meets it in £, and joio 
E, C. 

Then the triangles BAD, E AC have, 
by hypothesis, the' angles' BAD, EAC 
equal, while the angles B, E are in the 
same* segment ; these triangles therefore 
are similar ; hence AB : AE : : AD : 
AC, consequently, ABAC=:AE'AD; 
but (Prop. IV. B. III.) AEADa 
ADDE+ADS and (Prop. XXIV.) 
ADDE=BD-DC, therefore 

ABACz^BDDC+AD*. 
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PROPOSITION XXX, (Converge of Prop. XXIX, ) 

If a line drawn from the vertex of any angle of a triangle 
divide the opposite side, so that the rectangle of the 
parts, together with the square of the dividing liiie, 
may be equivalent to the rectangle of the other two 
sides of the triangle, that line will bisect the angle, 
from whose vertex it is drawn, except it be the ver^ 
tical angle of an isosceles triangle. 

L^t ABC be a triangle, and suppose AD to be drawn, so 
that BDDC+AD*=AB-AC, then AD bisects the angle 
BAC. 

For let the triangle be circumscribed by a circle, and let the 
prolongation of AD meet the circumference in E, and if the 
angle BAC is not bisected by this line, let some other, as AF6, 
bisect it, and join GE. 

Then, by last proposition, AB'AC = AG*AF; but by hy- 
pothesis, aBAC=AEAD, for BDDC-f AD^nAEAD, 
consequently AG* AF — AE* AD, so that if a circumference were 
to be described through the points E, D, F, it would also pass 
through the point G (Prop. XXVII. 
Schol.2.) ; therefore theopposite angles 
F, E, of the quadrilateral FGED, 
are together equal to two right angles 
(Prop.. XVII. B. III.), and the ex- 
terior angle AFD is equal to the in- 
terior opposite angle E. Now this 
angle AFD, or AFC is equivalent to 
an anffle at the circumference, sub- 
tendedby the sum of the arcs AC, BG (Prop. XVI. Cor. 1. B. 
III.), and the angle E, to which it has just been shown to be 
equal, is subtended by the sum of the arcs AB, BG, and the 
arcs subtending equal angles are themselves equal ; hence taking 
away the common arc BG, we have the arc AC equal to 
the arc AB, and consequently the chord AC is equal to the 
chord AB, which is impossible, except when the triangle ABC 
is isosceles. 

Scholium. 

1. It hence appears that the converse of prc^sition XXIX. 
fails only in the particular case of the isosceles triangle. 
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S. The above demonstration may be regarded as the analysis 
of the following problem, viz. To determine the triangle, the^ 
rectangle of whose sides is equivalent to the square of any line 
drawn from the vertex to the base, together with the rectangle 
of the parts into which it divides the basfe ; and the above result 
shows that the triangle sought must be isosceles. By reversing 
the steps of the reasoning, and proceeding synthetically, it wiH 
result, that if the triangle be isosceles, the above property must 
always obtain. For suppose the triangle ABC to be isosceles, 
and let it be circumscribed by the circue ABGEC, and let any 
line AFG, be drawn from 4he vertex of the triangle to the 
circumference, while ADE bisects the angle A : ' join GE. 
Then ssince the arcs AB, AC are equal, it follows that the 
sum of tlie arcs AB, BG is equal to the sum of the arcs AC, 
BG, but these last are intercepted by the sides of the angle 
AFC : this an^le is therefore equal to an angle at the circum- 
ference, which IS subtended by an arc equal to this sum, that 
is to say, the angle AFC is equal to the angle AEG, conse- 
quently the angles GFD, DEG are together equal to tyro 
right angles; therefore (Prop. XVIII. B. III.) a circum- 
ference may be circumscribed about the quadrilateral FE, and 
consequently (Prop. XXVI. Cor. 2.), AGAF = AEAD, or 
which is the same thing, AF«+AF-FG=AD«+AD-DE; 
whence (Prra. XXIV.) AF*H.BF.FC=AI)*+BD.DC = 
AB^ + AC* ( Frop. XXIX. ). Hence in an isosceles triangle the 
square of a side is equivalent to the square of any line drazon 
Jrom the vertex to the base^ together with th^ rectangle of the 
parts into which it divides the bascj and here again we are 
very readily conducted to the property of the right angled 
triangle, demonstrated at proposition X. book 1. 

For if ABD be a triangle right angled at D, and if DC be 
taken equal to BD, and AC be drawn, then AD Insects the 
angle A, and the* base BC, of the isosceles triangle ABC ; and, 
consequently, AB*=:AD2+BD«. 

3. The student may exercise his ingenuity in demonstrating 
the above property of the isosceles triangle independently of 
any propositions oesides those which the two first books 
furnish. 



PROPOSITIOK XXXI. THEOREM. 

The diagonal and side of a square are incommensurable. 

Let ABCD be a square, the diagonal AC is incommen- 
surable vith its side AB. 
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From the point C as a centre, with 
the radius CB, describe the semicircle 
FBE. 

Then, the angle B being right, 
AB is a tangent to the circumference ; 
consequently (Prop. XXVI. Cor. 1.) 
AE : AB : : AB : AF ; and, there- 
fore (Ptop. XIX. B. V.), AE, AB 
are incommensurable, and, conse- 
quently, AC, AB are alsoincommen- 
suable ; for if these had a common measure^ the same also 
would measure their sum AE ( JProp. XVI t. B. V.)> whidi has 
been proved to be incommensurable with AB ; hence the dia- 
gonal of a square is incommensurable with its side. 




Scholium. 

It appears from the above demonstration that it would be in 
vain to attempt to express accurately by numbers the side and 
diagonal of a square ; a fact which might, indeed, have been 
inferred from the third corollary to Roposition X. Book I. 
]Por, representing the side of a square by unity, double the 
square of the side will be 2 ; and, consequently, the diagonal 
will be expressed by the square root of 2. Now V2 is a surd 
expression, that is to say, its numerical value can never be 
accurately found, although it may be approximated to suffi- 
ciently near for every practical purpose. This circumstance 
affords a striking instance of the insufficiency of numbers to 
answer rigorously all the purposes of geometry. We cannot, 
for instance, take upon ourselves to say that any two lines 
that may be promiscuously proposed, shall be susceptible of 
accurate numerical representation, without first inquinng wlie- 
th^r these lines are commensurable or not ; since, for aught we 
know to the contrary, one of the proposed lines may bie equal 
to the side, and the other to the diagonal of the same ^uare, 
or else thev may be similarly related to each other. The rea- 
sonings oi geometry, however, are quite independent of any 
proviso of this kind. That triangles and rhomboids of equal 
altitudes are to each other as their bases, is a truth which pro- 
position I. of this book establishes as indisputably, when these 
oases are incommensurable, as when tliey are commensurable ; 
if, indeed, it did not, that proppaidon, AoWevet completelj^ it 
might satisfy the demands of practice, would, in a scientific 
point of view, be very defective ; for, As the above proposition 
shows, it is possible for the bases of these triangles and rhohi- 
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bends to be incommensurable. Hence the great impropriety 
of confounding in books on geometry the expriessions product 
and rectcmgle^ since the terms of a ph)duct must be cotomen- 
stirable, while the ftdes of «t rectangle may be iiicohimenstirable. 
Whatever is *oWti to be true dl the. rectangle of two lines 
mu^t nccessiariiy be true of the product t>f the ntimbera re- 
presenting its sides, in the particular case when those sides 
are commensurable, or capable of such numerical represent- 
ation. But it is evident that we cannot, conversely, from this 
particular case infer the general proposition in which it h in- 
cluded, without violating one of the most obvious rule^ of 
logic. 

PROPOSITION XXXII. PROBLEM. 

To divide a given straight line into tvsro parts, such that 
, the greater part may be a mean proportional be- 
tween the whole line and the other part. 

Let AB be the proposed line. Draw the perpendicular BC 
equal to half AB, ana from C as a centre, with the radius CB, 
describe the semicircle DBE, make AF equal to AD, and AB 
will be divided in F ; so that AB : AP : : AF : FB. 

For, since AB is perpen- 
dicular to CB, it is a tangent, 
and, consequently (Prop. 
XXyi. Cor. l.)AE: AB:: 
AB : AD ; therefore (Prop. 
XIII.B.V.)AE-AB:AB 
:: AB-AD: Ap. But, by 
construction, AB=DE and AD=AF; so that in this last 
proportion the first and third terms are respectively the same 
as AF, FB ; therefore putting these in their place, the pnv- 
portion is AF : AB : : FB : AD, or AF ; therefore, by in- 
version, AB : AF : : AF : FB. 

C(yr. Since AB=DE, the proportion AE : AB : : AB : AD 
furnishes us with the method of performing the following similar 
problem, viz. To increase a given linCy so that it may be a mean 
proportional between the whole and the part added, nothing 
more being necessaiTy after having performed the above con- 
struction, than to add DA to AB. 

SchoUum, 

Lines, divided as the above problem directs, are said to he 
divided in extreme and mean proportion ; and it is obvious, 
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from proposition XIX. book V., that a line so dividsd is in* 
commensurable with its parts. Hence k appears that incovn- 
mensurable lines may be found at pleasure^ or that if any line 
be proposed, one incommensurable thereto may always b!e dis- 
covered ; a fact which seems to illustrate in some measure the 
propriety of the remarks subjoined to the preccjding proposi- 
tion. 
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DEFINITIONS. 



PoLTGONs carry particular names accordiug to. the numbar 
«f their sides, those of three and ottonr sides — triangles and 
quadrilaterals — have been already conindered. 
^ L Polygons of five sides are called pentagons j those of six 
tddes l^exagonsy those of seven sides heptagonsy those of eight 
octagons^ and so on. 

2. Polygons, which are at once equilateral and equiangular, 
are caUed regular polygons. 



P&OPOSITION I. THEOBfiM^ 

Two regular polygons of the same number of sides are 

similar. 

For the sides beinff equal in number, thearales ace also 
equal in number ; and the sum of the angles, of the one poly* 

SB is equal to the sum of the angles oi the other (Prop. XViL 
I.) ; and, since the polygons are each equiangular, it follows 
that any angle in the one polygon is the samesubmultiple of 
their sum ; and equi-submultiples of equal mi^mtudesoeing 
equal, the angles of the two polygons are all equal to each other ; 
and it is obvious that the «ides containing any angle in the on^ 
polygon are to each, other as the sides containing any angle in 
the other, for eacb.poly^n is equilateral ; thererore (l>ef. I. B* 
VI.) the polygons are similar. 

PROPOSITION II. THEOEEM- 

A circle may be inscribed in, or circumscribed about, 
' any regular polygon, and the circles so described 
have a common centre. 

If the polygon ABCDEF be regular, then from a common 
centre a circle may be inseribed in, and circumscribed about, it 

I 
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Tliis has already been shown to be true of the equilateral 
triangle and the square (Prop. XXIII. SchoL, and Prop. 
XXV. Cor. B. IV.) ; we shall therefore consider the annexed 
polygon to have more than four sides. 

Then, the angles of this polygon 
being each greater than arignt angle 
(Prop. XVIL Cor. 4. B. I.), if the 
sides BA, EF be produced, they will 
meet as at G, forming the isosceles 
triangle GAP, and if BE be drawn, 
the triangle GBE will be ako isos- ' 
celes: hence, in the quadrilata'al 
ABEFy the angles A, £ aretogether 
equal to the ai^es F, B, and, con* 
sequently (Prop. XVIII. Cor. 1. 
B. III.), a circle maybe circumscribed about it; therefore the 
points B, A, F, E all lie in the same circumference. By reason- 
ing in a similar way it may be shown that the points A, F, E, D 
all lie in the same circumference, which circumference must 
be identical with the former (Prop. VIII. B. III.). Proceeding 
in this way it will appear that the same circumference must also 
pass through the next point C, and so on completely round the 

polygon- 

Again, since the sides of the polygon are so many equal 
chords of the circumscribing circle, they must all be equally 
distant fro^i the centre (Prop. VI. B. III.); and, conse- 
qiienthr, the. circumference described from the same centre, 
ifitK tois oompnon distance as radius, must touch every side of 
thepolygon. 

Cor. 1. It has been shown that the triangles GAF, GBE, 
having the common angle G, are both isosceles ; it, therefore, 
follows that in a regular polygon the diagonal, cutting off three 
sides, is parallel to the middle one, and, further, that the dia^ 
gonal, cutting €S five, or indeed any odd number of jsddes, 
must be parallel to the middle side ; for if the sides intcarcepted 
by the diagonals, cutting off three and five sides, are parallel, 
the diagonals themselves must be parallel by Prop. XXIX. 
Book I., and if the intercepted sides are not parallel, they meet 
when produced, and form, with the diagonals, two similar 
isosceles triangles ; so that in this case the diagonals are parallel, 
and in the same way is it to be shown that the diagonal, cutting 
off seven sides, is parallel to the middle one, and so <mi ; there- 
fore, generally, ifie diagonal^ which cuts off cm uneven number 
of AwRsfrom a regular pdygon, is parmel to the middle one 
of {hose sides. 



Digitized by 



Google 



BQQK VIJ. \l$ 

Cor. 2. The migles formed of th ^^ire qfthe drcte, 6y lif^ 
drawn from it to the extremities qfthe side$ qfihepaiyfgm^ Mtf 
€fU eqim, being a^btended by equ«l <;bc»rd9. 

Schdivm. 

It ma^ be remarked tKat in n^ulfu* polyfioD^ tb« .centre ft 
tfie inscribe^ and drcumscrlbed circles is camd ajUo the centi^ 
of the poly^n, and that the perpepdic\ilar prom the centre ta 
a side, that is, the radius of the ^nmlied circle^ is call^ tl^i 
apothem of the polygon. 

PEO«)siTioN III, TiiEopEM. {Convcrse <f Prop, IL) 

If from a common centre circles can be inscribed within, 
and circumscribed about a polygon, that polygon is 

Suppose that from the point O, as a centre, «irc}es can bci 
described in, and about, the pdygon in the fnargin ; this ^y-- 
gon is r^ular. 

For, supposing these circles to be 
described, the inner one will touch 
all the sides of the polygon; these 
sides are, therefore, equally distant 
from its centre (Prop. IX. 1b. III.), 
and, <x)n8equently, being chords of 
the outer circle they are equal, and, 
therefore, include equal angles (Prop. 
XIV. Cor. 4. B, ni.). Hence the 
|X)lygon is at once equilateral and equiangular, that is (Def . 2.^ 
It is regular. ^ 

FKOPOSiriON IV. ,THf;OBJ^. 

Tflie surface of every polygon in which a circle may be 
inscribed, is equivalent to the rectangle of lialf the 
radius of that circle, and the perimeter of the poly- 
gon. 

Let O be the centre of the circle inscribed in the polygon 
ABCD, &c. Draw from O lines to the extremities of the sides, 
thus dividing the pdiygon into as many triangles as it has 
ttdes. 

i2 
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Then, the common altitude of these 
triangles is the radius OP of the circle. 
Hence the surface of any one of them, 
OCD, for instance, is equivalent to the 
rectangle of half OP and CD (Prop. 
III. Cor. V. B. II.), and so of any 
other ; therefore the sum of all the tri- 
angles, that is, the surface of the poly- 
En, 18 equivalent to the rectangle of * 
If the radius, and the whole peri- 
meter of the polygon. 

Cor. It has been shown (Prop. XXIII. B. IV.) that a 
circle may be inscribed in a triangle ; consequently, a triangle is 
eguivaleni to the rectangle of half the raditis of the inscribed 
c%rde and its perimeter. 

SchoUum, 

The- above proposition is evidently true for all regular poly- 
gons {Prop. IL). 

The converse of this proposition is as follows : — If the sur- 
face of a polygon be equivalent to the rectangle of its perime- 
ter and another line, this line will be half the radius of the in- 
scribed circle, which it is obvious has not place ; for the surface 
of any polygon, whether it can circumscribe a circle or not, may 
always be represented by an equivalent rectangle, of which one 
side may be of any given length (Prop. XVII. Cor. B. IV.) ; sq 
that when the perimeter is one side, the other side would be 
half the radius of the inscribed circle, whether the polygon ad- 
mit of such inscription or not. .But if the converse be enunci- 
ated thus:— If the surface of a polygon in which a circle may 
be inscribed be equivalent to a rectangle, of which one side is 
the perimeter, then the other side will oe half the radius of the 
inscribed circle, or if one side be half the radius of the in- 
bribed circle, the other side will be the perimeter— its truth 
immediately follows from the proposition itself. 
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PROPOSITION \. TH£OB,£M. 

If within two similar polygons circles can be inscribed, 
the perimeters of the polygons are as the radii of the 
circles; or if circles can be circumscribed about twp 
similar polygons, then, also, their perimetei's are as 
the radii of these circles, and in each case the suiJ- 
faces of the polygons are as the squares of the radii. 

First, let the similar polygons in the margin admit of in- 
. scribed circles, whose centres are O, o — their perimeters will 
be as the radii OP, op. Draw OA, OB, and oa, o&, and let 
' AB, ab\ BC,.&c, &c. be homologous sides. 

Now it has already been 
proved (Prop. XX. B.yL) 
that the penmeters of simi- 
lar polygons are as their 
homologous sides. It will, 
therefore, be necessary only 
to show that any two homo- 
logous sides, AB, db for in- 
stance, are as the radii- of 
the inscribed circles. 

The angles A, B are bisected by the lines AO, BO ; and 
the angles a, & are in like manner bisected by the lines oo, bo 
(Prop. XXVI. Cor. 5. B. VL). Now the angles A, a; B, ft 
are supposed to be respectively equal; and, therefore, the 
triangles OAB, oab are similar, and, consequently (Prop. XHL 
B. VI.), the base AB is to the base ab as the perpendicular OP 
is to the perpendicular op, a proportion which, as before re- 
marked, sufficiently establishes the theorem. Hence the pe- 
rimeters are to each other as the radii of the inscribed circles. 
But (Prop. XXI. B. VI.) the surfaces of the pblycons a^« to 
each other as the squares of the homologous daes AB, aft ; or 
BC, bc^ and these are as the squares of the radii (Prop. IV. 
Gor. 1. B. VI.), consequently the surfaces are to each other 
as the squares of the radii. . 

Next, let the similar polygons be circumscribed by circles, 
the centres being O, o, and let OA, OB, CA, CB be drawn 
in the one, and oa^ ob^ ca, cb in the other. ' 

Then, since the polygons are similar, the triangles CAB, 
mbare similar (Prop. XIX. B. VI.) ; therefore the angles 
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OA 



oa. 



ACB^ ach are equal ; but 
the angle O is double the 
angle ACB, and the angle 
o double the angle aico : 
therefore the angles O, o 
are equal, and, consequent- 
fy, the isosceles triangles 
O AB, oab are similar ;^ and 
therefore, 

AB : aft 

Hence the perimeters are in this case as the radii of the cir- 
cumscribed circles ; and it moreover follows, as above, that the 
surfaces are as the squares of the radii. 

Cor, About f or within a circle, a polygon may be described 
simUar to any inscribed or circumscriiea polg/gon^ by making 
cm^ss at the centre of the proposed eifcle respective^ eqitalto 
those "which the sides of the polygon subtend, ai the centre of 
its inscribed or circumscribea circle. 

Scholium, 

The above proposition is evidently true of ail regular poly- 
gons of the same number of sides. 

The converse of this proposition, is not true. It may be^ 
enunciated thus : — If the perimeters of two polygons are to each 
other as th^' lines Rj R-, tod their surfaces as B% R'% then 
R, R' must be radii of ekher the inscribed or circutascrib^d 
circles. That this is not true teill be immedk^ly perceived 
from eoni^derin^ that^ althou^ the polygons) may be inscriptible 
or drcumscriptibk, R, R' may be anv two lines, which £tre to 
«aeh other as the radii of the inscribedfor circumscribed circles. 
But it will not follow even that these polygons are similar, for 
two dissimilar pcdygons may exist, ^nicn shall, nevertheless, 
have their poimeters and surfaces 
itespectively eauivalent. To giv6 a 
very mmjJe illustration of this, let 
thfe polygon ABCDE be proposed, 
atid let the distance of two pblntil in 
its perimeter as A, D be equal to 
the distance of two other points as 
iiy d Then it is obvious that if 

ertions of the polygon be cut off 
the lines AD, ad, and then each 
portion added to the part whence 
the other was taken ; so that AD may occupy the place of ad, 
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while ad occupies the place of AD; it will be efvident that^ al*« 
though the perimeter and surface of the polygon remain un^ 
altered by this transposition of parts, the lorm of the pol3^gon 
will be changed, that is, it will be dissimilar to the original. 
Ifence it appears that whatever relation may exist between the 
perimeters or two polygons, or between their surfaces, we shall 
be unable to infer, from such relatic^n, either theit similarity at 
their capability of being inscribed in, or circumscribed about, a 
circle. We have already seen that two polygons may be equiva- 
lent in surface and perimeter, without warranting such in- 
ference^ and further yet, two polyg6ns may exist which shall 
have the same number of sides, oe equivalent both in perimeter 
and surface, both admit of inscription in the same circle, and 
yet be dissimilar. For an inscribed polygon is composed of 
certain isosceles triangles, whose vertices are all situated at the 
centre of the circle, and whatever be the order of the sides of 
the polygon round the circumference, this polygon will still be 
composed of the same triangles, and its perimeter will remain 
unaltered. Now supposing the sides to be all unequal, it is plain 
that ever}^ tran8|X>sidon of tnem will present a dissimilar polygon : 
— The triangle is the only exception to this. We can, nowever^f 
assert thus much, that two inscribed polygons, whose sides are 
equal in length and number, must be equivalent in surface, and 
must also be contained in equal circles. For the one polyg()n 
may have its sides ranged tound the circumference in tne sam^ 
order as the respectively equal sides of the other polygon, and 
thus become identical with it, preserving, as shown atove, the 
same surface, and the same perimeter. But only one circle can 
be described about the same polygon, or which amounts to the 
same thing, only equal circles can circumscribe equal polygons ; 
hence the truth of the above assertion is established. Again, 
all polygons circumscribed about equal circles and having equal 
perimeters, however they may differ as to the number of their 
sides, must be equivalent in surface ; for the surface of each is 
equivalent to the rectangle contained by half the radius of the 
circle and its perimeter; and, by hypothesis, the citcles and 
perimeters are respectively equal. W6 may, Aioreover, infer 
that polygons, equivalent in surface, circumscribed about equal 
circles, are also equal in pcrifmeter. 

PROPOSITibN vr. THEOREM. 

The side of a i:egular hexagon inscribed in a circle, is 
equal to the t'adius of that ciix;le. 
Let ABCDEF be a regular hexagon inscribed in a circle, 
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the centre of which is O, then a side as BC wiU be equal to 
the radius OD/ 

For draw AD : — Then, since the 
arcs subtended by equal chords are 
equal, it follows that the three arcs 
AFy FE, ED are together equal to 
the three arcs AB, BC, CD ; that is, 
the diagonal AD is a diameter of the 
circle. For similar reasons the dia- 
gonal BE is also a diameter. Now, 
AD is parallel to BC, and BE to CD 
(Prop. II. Cor. 1.) ; so that BD is a rhomboid, and, conse- 
quently, BC is equal to OD* 

Scholmm, 

Hence, in order to inscribe a regular hexagon in a given 
circle, nothing more is required than to repeat the radius of the 
circle round the circumference. By joining the alternate points 
A, C ; C, E ; E,^ A, an equilateral triangle wiU be inscribed 
in the circle. 



PROPOSITION VII. PROBXEM. 



In a given circle *to inscribe a regular decagon^ and 
then a regular pentagon. 

Let O be the centre, and O A the radius of the given circle ; 
it is required to inscribe in this circle a regular polygon of ten 



Divide O A in extreme and mean proportion (Prop. XXXII. 
B. YI.) ; let M be the point of division ; then a chord AB equal 
to OM, the greater part, will be the side of a regular decagon ; 
so that by applying it ten times round the circumference^ the 
required polygon will be inscribed. 

For, jcrin MB : — Then, by con- 
struction, AO : OM : : OM : AM ; 
but AB = OM ; therefore AO : AB 
: : AB : AM : hence (Prop. XI. B. 
VI.) the triangles ABO, AMB are 
similar, and, therefore, since ABO is 
isosceles, AMB must be isosceles ; 
consequently AB=MB, therefore 
OM:=MB; so that the triangle 
BMO also is isosceles, and the ex- 
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terior angle AMB is therefore double the interior apgle O ; 
ahd the angle MAB being equal to the angle AMB, it follows 
that, in the isosceles triangle OAB, each of the angles A, B at 
the base, is double the angle O at the vertex, and as all three 
amount to two right angles, the angle O must be the fifth part 
of two right angles, or the tentb part of four right angles ; 
consequently ten of these angles may be ranged round the point 
O ; and as tney are subtended by equal chords and equal arcs, 
the chord of the arc AB may be applied exactly ten times round 
the circumference, forming the inscribed decagon required. 

If the alternate corners of the decagon be joined, an ini^bed 
regular pentagon will obviously be formed. 



PROPOSITION VIII. PROBLEM. 

In a given circle, to inscribe a regular pentedecagon, or 
polygon of fifteen sides. 

Let AB be a side of the inscribed regular decagcni, found 
by last proposition ; and let AO be a side of a regular inscribed 
hexagon ; that is, apply the radius from A. to C (Prop. VI.). 
Join BC, then BC will be a side of the polygon required. 

For AB cuts off an arc equal 
to a tenth part of the circum- 
ference ; and AC subtends an 
arc equal to a sixth' of the cir- 
cumference ; the difference of 
these arcs, therefore, is a fif- 
teenth part of the circumfer- 
ence; and as equal arcs are sub- 
tended by equal chords, it fol- 
lows that the chord BCmay be 
applied exactly fifteen times 
round the circumference, thus 
forming a regular pentedecar 
gon. 

Schdiuvu 

Since the perpendicular from the centre to a chord bisects 
the subtended arc, it is very easy, from having an ipscribed 
polygon g^ven,to insert anotner of double the number of sides. 
Thus, from having an inscribed square (Prop. XXIV. B. 4), 
we may inscribe in succession polygons of 8, 16, 8S, 64, &c. 
sides ; from the hexagon may be formed polygons of 12, 24, 
48, 96, &c. sides ; from the decagon polygons of 20, 40, 80, 
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$z:c. sides, and from die pentedeco^on we maj inscribe polygons 
of 30, 60, 1^0, &c. sides ; and it is plain that each polygon wiB 
exceed the preceding in surface. 

It is obvious that any regular polygon whatever might be 
inscribed in a circle, providai that its circumference <^u)d be 
divided into any proposed number of ecj^ufll parts ; but such 
division ^f the circumference, like the tnsection of an angle, 
which, indeed, depends on it, is a problem which has not yet 
been effected. Tnere are no means, of inscribing in a circle a 
regular heptagon, or which is the same thing, the drciltfiference 
of a circle cannot be divided into seven equal parts, by any 
method hitherto discovered. Indeed the polygons A}x)ve no^ 
ticed were, till about a quarter of a century ago, supposed to 
include all that could admit of inscription in a circle; but in 
1801 a work was published by M. Gatiss of Gottingen, (and 
afterward translated into French by M, DelisUy under the 
title of Recherches Arithmetiques)^ containing the curious dis- 
covery that the circumference of a circle CQuld be divided 
into any number of equal parts capable of being expressed 
by the formula 9:^-^-1^ provided it be a prime number, that is, 
a number that cannot be resolved into factors. The number 
3 is the simplest of this kind, it being the Value of the above 
formula when nzzl^ the next prime number, is 5y and this also 
is contained in the formula. But polygons of 3 and of 5 sides 
have already been inscribed. The next prime number ex- 
pressed by the formula is 17, so that it is possible to inscribe a 
seventeen sided polygon in a circle. The investigation of 
Gausses theorem, although it establislies the above geometrical 
fact, depends upon the theory of algebraical Equations, and 
involves other considerations of a nature that do not enter into 
elements of geometry ; we must, therefqre, content ourselves 
with merely alluding to it *. 

PEOPOSITION IX. PROBLEM. 

An inscribed regular polygon being given to circum- 
scribe a similar polygon about the circle ; and, con- 
versely^ from having a circumscribed regular polygon 
to form the similar inscribed one. 

Let cbbcdy &c. be a regular inscribed polygon ; it is required 
to describe a similar polygon about the circle. 



^ On thii subject the student may consult Barlow's Theory of Num- 
bers. 
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At each of the points a, by c, J, 
&c. draw tangents to the circle, 
and they will form the polygon 
ABCJby &c. similar to the poly- 
gon abcd^ &c. 

For, in the first place, there are 
as many tangents as the inscribed 
polygon has sides,' and those drawn 
through the (extremities of the same 
chord meet, otherwise the chord 
would be a diameter (Prop. IX. 
Cor. 3. B. III.). Next, the an- 
gles formed by these tangents and 
chords are all eqUal to each other, for their sides include 
equal arcs (Prop. XV. B. IIL). Hence the triangles ^Ao, 
flrBft, 6Cc, &c. are isosceles, and they have equal bases ^, ad, 
bcy &c. ; therefore these triangles are equals and, consequently, 
the angles A, B, C, D, &c. are equal, and so are their including 
sides: therefore the polygon A fi C D &c. is regular ; and it 
has the same number of sides as the polygon abed &c., it is, 
therefore, similar to it (Prop. I.). 

Conversely. Let the circumscribed polygon A B C D &c. 
be ^iven^ then if the successive points of contact a, 6, c, d, &c. 
be joined, a similar polygon wiJl be inscribed in the circle :— 
For the angles A, B^ C, &c. are equal^ as also ^he sides aB, 
B6, 6C, Gcy &c., each being half a side of the polygon ; con- 
sequently the sides ab^ bc^ cd, &c. are eqiial, and equal chords 
include equal angles (Prop. XV. Cor. IV. B. 8.) ; they, there- 
fore, form a regular polygon, and as the sides are tlie same in 
number as those of the circumscribed polygon, it is similar to it. 

Scholium, 

L It was remarked in the scholium to the preceding pro- 
position that, from having an inscribed regular polygon, we 
might easily form another of double the number of sides. It 
may be, in like manner, here observed that, from having a cir- 
cumscribed regular polygon, we may readily derive another of 
double the number of sides, nothing more being necessary than 
to draw tangents to the points of bisection of the arcs inter- 
cepted by the rides of the proposed polygon^ limiting these 
tangents by those sides ; and it is pliun that each of the pcdy- 
gons so formed will be less in surface than the preceding, being 
entirely comprehended within it 

Let ^ be a side of an inscribed polygon, and if aA, bA be 
tangents to the circle at the points a, (» each will be one half 
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of the side of the si« 
milar drcumscribed 
polygon,or which is 
the samethingythey 
will together . lie 
equal tp the side of 
a circumscribed po- 
lygon, similar to the 
inscribed one whose 
side is ab. Let M 
be the middle of the 
intercepted arc, and 
draw Ma, Mi, and 
the tangent BMC, 
then aM, Mb will 
be two consecutive 
sidesof an inscribed 
polygon, having double the number of sides that the polygon 
nas whose side is ab ; and, consequently, BC being a tangent 
at M, meeting the tangents at a and b must, by the propo- 
sition, be the side of a polygon, having double the numoer 
of sides that the polygon nas, whose side is ab. 

2. If polygons be thus successively circumscribed about the 
circle, their perimeters will decrease as the number of sides in- 
crease. For BC is less than AB+AC, and, consequently, 
aB+BC+'C6<iiA-f-Ai; now, aB+Cft=BC; andaA-i-A6 
is equal to a side of the first circumscribed polygon : hence two 
sides of the second circumscribed polygon are together less 
than one side of the first ; and, therefore, the whole perimeter 
of the second is less than that of the first. It is obvious that 
with respect to the inscribed polygons, the perimeters increase 
in the same circumstance, thus : — The two sides aM, Mi being 
together longer than ab^ it follows that the perimeter of the 
second inscrioed polygon exceeds that of the first. 

The successive circumscribed polygons that we have been 
considering continually approach nearer and nearer towards 
coincidence with the circle ; for OB is nearer an equality to 
the radius Oa of the circle than O A, because the distance aB 
is less than the distance a A is ; and in every succeeding poly- 
gon the difference between the radius of the circle and the di- 
stance of the centre from the remotest points ,in the perimeter 
will, inlike manner, perpetually diminish ; so that the perimeters 
continually approach towards coincidence with the circumfe- 
rence, and we have already seen that these perimeters continually 
diminish. 
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Now it is plain that if a series of maCTitudtfs continually 
approach nearer and nearer towards coincidence with any pro- 
posed magnitude, and at the same time continually diminish; 
the magnitude tp which they approach must be smaller than 
either of the approaching terms ; we are, therefore, warranted 
in asserting that the circumference of a circle is a slwrter line 
than tfie pervnteter of any circumscribed polygon* 

In a similar manner, by considering the successive inscribed 
polygons, it appears that they also continually approach towards 
coincidence with the circle ; for Od is nearer an equality to the 
radius than OD^ since the chord aM is' shorter xhanab (Prop. 
YIL B. III.) y^ that in each succeeding polygon the peri- 
meter approaches nearer to coincidence with the circumference, 
and it nas been shown that these perinleters successively en- 
crease : hence we may infer that the circumferetice qf a circle 
is a longer line than the perimeter of any inscribed polygon. 



PROPOSITION X. THEOREM. 

Two polygonsrmay be formed, the one within, and the 
other about a circle, that shall <iiffer from each other 
by less than any assigned magnitude however small. 

Let M represent any assigned surface, it is to Jbe shown that 
two polygons may be descnoed, the one within, and the other 
about the circle, whose centre is O, which will differ from each 
other by a magnitude less than M. 

Let N be the side of a 
square, whose surface is 
less than the surface M, 
and inscribe in the circle a 
chord an equal to the line 
N. Then, by the niethods 
already explained, inscribe 
in the circle a square, a 
hexagon, or indeed any re- 
gular polygon ; let the arcs 
which its sides subtend be 
bisected, the chords of the 
half arcs will be the sides 
of a regular polygon, hav- 
ing double the number of sides* let, now, the arcs subtended 
by the sides of this second polygon be in like manner bisected, 
the chords will form a thira polygon, having double the num- 
ber of sides that the second has. Continue these successive 
bisections till the arcs become so small as to be each less than 
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the arc an^ thif r clK»*d8 fbruiuig the inscribed polyffon abcdf &c. 
Circumscribe the circle with a similar polygon ABCD9 &c.» . 
then this last will exceed the former by a magnitude le^ thaa 
the proposed magnitude M. From the centre O draw the 
lines Oa, OA, Oh, OH, and produce hO tod; then thepoly-^ 
gon abcdj &c. is composed of as many triangles equal to Octk 
as the polygon has sides, and in like manner uie polygon 
ABCD, &c. is composed of as many triangles equal to O AH 
as this polygon has sides, and as the polygons have each the 
tsame number of sides, the inscribed is the same multiple of the 
triangle Oah that the circumscribed is of the triangle OAH. 
Njow the trifmgle OinAis half the triangle Oah, in like manner 
the triangle OhA is half tlie triangle OAH ; hence the in* 
scribed polygon is the same multiple of 0mA that the circum*- 
scribed polygon is of OA A, and consequently, 

Omh : OhA : : ins. pel. : drc. poL^ 
whence (Prop. XIII. B. V.) 

OAA : OhA — Omh : : circ, pol. : circ. poL—ins. poL, 
that is, < 

OAA : Awh : : drc. poL : : drc. pol. — ins. pol. 

Now OAA is a right angle, and since AO bisects the angle 
A of the isosceles triangle aAA, it is perpendicular to flX ; 
therefore the triangles OAA, Amh are similar, consequently, 
(Prop. XXI. B. VL). 

OhA : Amh : : OA^ : hm* ::hd^ : ha^ whence 

7id^ : ha^ : : circ-poL : : circ. pol. — ins. pol. 

Now a circumscribed square, that is to say, hd^ is greater than 
the polygon ABCD, &c., since the surfaces of circumscribed 
polygons diminish as their sides increase in number, so that in 
the last proportion the first antecedent is greater than the se- 
cond, consequently, the first consequent is greater than the se- 
cond, that is, the excess of the circumscribed polygon above the 
inscribed is less than Aa*, and therefore less than N* or than M^ 
Cor. As the circle is obviously greater than any inscribed 
polygon and less than any circumscribed one, it follows that 
a poh/gon may be inscribed or circumscribed, which wiU differ 
Jrom the drcle by less than any assignable magnitude. 

PROPOSITION XI. THEOREM. 

A circle ia equivalent to the rectaogjle conUined by 
lines equal to the radius and half the circum&raic^. 

Let us represent the rectangle of the radius and semi-cir- 
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cumference of the circle ABCD by P : we are to ^how that 
this rectangle is equal in surface to the circle. 

If the reetanffle P be not equiva- 
lent to the drcSe it must be either 
greater or less. Suppose it to be 
greater, and let us represent the 
excess by Q. 

Then, by the corollary to last 
proposition, a polygon may be cir- 
cumscribed about the circle, which 
shall differ therefrom by a mag- 
nitude less than Q, and must con- 
sequently be less than the rectangle 
P. But every circumscribed po- 
lygon is equivalent to the rectangle of the radius and half its pe- 
rimeter, and the perimeter exceeds the circumference of the 
circle, consequently the rectangle of the radius of the circle and 
semi-perimeter of the polygon must be greater than F, the rect- 
angle of the same radius and semi-circumference of the cirdle ; 
but it was shown above to be less, which is absurd ; hence the 
hypothesis that P is greater than the circle, is false. 

But suppose the rectangle F is less than the circle, and let 
us represent -the defect by the same letter Q. , 

Then, by the same corollary, a polygon may be inscribed in 
the circle, which shall differ irom it by a magnitude less than 
jQ, and must consequently be greater than the rectangle P. 
But every inscribed polygon is equivalent to the rectangle of 
its apothem and half its perimeter, and the apothem is less than 
the radius of the circle, and the perimeter less than the cir- 
cumference ; consequently the rectangle of the apothem and 
semi-perimeter of the polygon must be less than P, the rect- 
angle of the radius and semi-circumference of the circle ; but 
it was shown above to be greater, which is absurd ; hence 
the second hypothesis also is false. 

As therefore the circle can be neither greater nor less than the 
rectangle P, it must necessarily be equivalent to it. 



PROPOSITION XII. THEOREM. 

Circles are to each other as the squares of their radii. 

Let the circles ABCD, abcd^ be compared, we shall have 
the proportion 

AO^' : flfo* : : circ. ABCD : circ. abed. 
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For if this proportion has not place let there be 

A0» : cf : : circ. ABCD : P, 

F being some magnitude either greater ox less than the circle 
abed. Suppose it to be less, ana let us represent the defect 
by Q. Tnen (Prop. X. Cor.) a polygon may be inscribed in 
the circle cAcd^ which shall differ from it by a magnitude less 
than Q, and will therefore exceed the magnitude P. Let abcde^ 
&c. be such a4x>ly^n9 and describe a similar polygon ABODE, 
&c. in the other circle. Then (Prop. V.) 





AO :ao^:: pd. ABCDE, &c. : pol. abode, S^c. 
combining this with the proportion above we have 

drc. ABCD :F upd. ABCDE, &c. : poL abode, ^o. 

Now in this proportion the first antecedent is greater than 
the second, consequently the first consequent is greater than 
the second., that is, P is greater than the polygon abcde^ &c., 
but it has been shown to be less, which is absurd. Therefor€i 
P cannot be less than the circle cAod. 

But suppose that P is greater than the circle abod. Then, 
still representing the difference by Q, a polygon may be cir- 
cumscnbed about the circle abod, which snail differ from it by 
a magnitude less than Q, or be less than P. Suppose such a 
poly^n to be described, and that a similar one is formed about 
the circle ABCD, then these polygons being to each other as 
the squares of the radii of their respective circles, it will evi- 
dently result by combining, as in the preceding case, this pro- 
position with that advanced in the hypothesis, that the circle 
ABCD is to P, as the polygon about tnis circle to the polygon 
about the other ; in which proportion the first antecedent is less 
than the second, and consequently the first consequent i^ less 
than the second, th^t is, P is less than the polygon circum* 
scribed about the circle abed ; but it was shown above to be 
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greater, which is impossible. Hence, F can neither be lass nor 
^[Teater than the circle abed, consequently it must be equal to 
It, and therefore, 

AO* :€to^ '.: drc. ABCD : (Arc. abed. 

Cor, 1. Since every circle is equivalent to the rectangle of 
its radius and half its circumference, the above proportion 
may be expressed thus : 

A0« : <io« :: AOtABCD : ao'habcd, 

whence (Prop. I. Cor. B. VI.) 

AO : flo : : i ABCD : ± abed. 

Consequently the circumferences of circles are to each other as 
ffieir radii, and therefore their surfaces are as the squares of 
the circumferences. 

Cot. % It follows also, that similar arcs a/re to isach other 
as the radii of the circles to which they belong, for they subtend 
equal angles at the centres (Def. 2. ]d. VI.) and each angle is 
to four right angles as the arc which subtends it is to the whole 
circumference (rrop. XXIII. Cor. 1. B. VI.); consequently 
the one arc is to tne whole circumference^ of which it forms 
part, as the other arc to the circumference of which it is part: 
and as the circumferences are as the radii, we have alternately 
the one arc to the other as the radius of the former to that of 
the latter. 

Cor. 8. Therefore also similar sectors are to each other as 
the squares of their radii, for each sector is to the circle as the 
arc to the circumference (Prop. XXIII. Cor. 2. B. VI) ; con- 
sequently the one sector .is to its circle as the other sector to 
its circle : and as the circles are as the squares of the radii, we 
have alternately the one sector to the other as the square of the 
radius of the former to the square of that of the latter. 

Cor.. 4. It readily follows that similar segments are also as 
the squares of the radii, for they result from similar sectors, 
by taking away from each the triangle formed by th6 chord 
and radii, which triangles being similar, are also to each other 
as the squares of the radii ; therefore the sectors and triangles 
being proportional, it follows (Prop. XI. B. V.) that thc^ seg- 
ments also are as the sectors or as the squares of the radii, or 
indeed as the squares of their chords. 

Scholium. 

From this proposition and its corollaries may easily be derived 
an extension of the property of the right angled triangle which 
fdrms proposition aXII. of Book Vl., for it may now be 
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prored that if circles be deteribed about the three fiided taken 
as dktneters, or if similar sectors or segments be formed on the 
sides, it will always result that the figure on the hypothenuse 
will be equivalent to both those on the sides. By turmng to the 
proposition alluded to we shall find that the reasoning there em- 
ployed applies equally to the demonstration of this property , and 
therefore it need not be here repeated. Another very remarkable 
property arises out of that just mentioned, and which must not 
remain unnoticed. Let semicircles be described on the hypo- 
thenuse BC,and on the sides AB, AC 
of the right angled triangle ABC ; 
then since the semicircle BDAC is 
equivalent to both the semicircles 
BFA, AGC, it follows that if the 
common segments BDA, A£C be 
taken , away, there will remain the 
triangle ABC equivalent to the two 
circular spaces or lunes BFAD, AGCE. 




PROPOSITION XIII. PROBLEM. 

The surface of a regular inscribed polygon and that 
of a similar circumscribed polygon being given, to 
find the surfaces of regular inscribed and circum- 
scribed polygons of double the number of sides. 

Let abhesi side 
of the given in- 
scribed polygon, 
then the tangents 
a A, 6 A will each 
be half the side of 
the similar circum- 
scribed polygon: 
the chords aM, AM 
to the middleof the 
arc oMb will be 
sides of an inscribed 
polygon of double 
the number of 
sides; and lastly, 
the tangent BMC 
will be the side of 
a circumscftbed 
similar to 



this last. All this is evident from proposition IX* 




Digitized by 



Google 



BOOK VII. - 131 

Let us now, in okder to avoid oonfusioQi denote the inscribed 
polygon whofle side is ab by p^ the corresponding circumscsribed 
polygon by P ; the inscribed polygon of double the number c^ 
sides bjT jp, and the similar circumscribed polygon by P'. Then 
it is plain that the space Octd is the same part of p that O^A 
is of Fy that OaM is of ^y, and that OaBM is of P' ; for each of 
these spaces requires to oe repeated the same number of times 
to complete the several polygons to which they respectively 
belong.. Hence then, and t^cause magniUides are as their 
like multiples, it fdilows that whatever relations are shown to 
exist among these spaces will be true alao of the respective 
polygons of which they form part. Now the right angled 
triangles ODfl, OAa, BMA are similar: the two first iunttsh 
the prraortion OD : Oa : : Oa : OA, or which is the same 
thing, OD : 01^ : : OM : O A ; and consequently^ since tri- 
angles of the same altitude are as their bases, it follows that 

ODa : OMa : : OMa : O Aa, 

that is, tSie trimigle OMa is a meim between ODa and O Aa ; 
consequently the polygon p' is a me^ between the polygons 
p and P. 

Again, the similar triangles ODa^ BMA give the prcqportion 
OD : Otf : : BM : BA, or which is the same thing, OD : OM ; : 
aB : B A ; and consequently, since triangles of the same alti- 
tude are as thar bases, it follows that 

ODa : OMa : : OaB : OBA, therefore 
ODa + OMa : 20Da :: OaB + OBA : 20aB, 
consequently 

p+p^ : 2p : : P : P . , 

Scholium. 

It was proved in proposition XI. that a circle is equivalent 
to the rectai^le contained by its radius, and a straight line 
equivalent to naif its circumference. In order, therefore, to 
construct a rectangle equivalent to any given circle, it would 
only be necessary, from having the radius, to draw a straight 
line equal to half the circumference. But this is a problem 
that has never yet been effected, so that the equivalent rect- 
angle remains still undetermined, and therefore the madrature 
of the circle^ as this problem is called, is not caparne of being 
rigorously ascertained. This, however, is a circumstance 
little to be regretted, for it has been shown (Prop. X. Cor.) 
that polygopi may he inscribed in, ahd circumscribed about, a 
circle that AaSl approach so near to coincidence with it as to 

k2 
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differ from it by a magnitude less than any' that can be possibly 
assigned : a degree of approximation obviously equivalent to 
perfect accuracy, since no magnitinle can be found sufficiently 
small to denote its difference therefrom. The principal object 
of inquiry then should be, at least in a practical point of view, 
how we may most expeditiously carry on the approximation 
alluded to ; and the problem above furnishes us with one of 
the best elementary methods for this purpose that can be given. 
Let us represent the radius of the circle by 1, and let the 
first inscribed and circumscribed polygons be squares : the side 
of the former will be \/2, and that of the latter ^, so that the 
surface of the former will be 2, and that of the latter 4. Now 
it has been proved in the proposition that the surface of the 
inscribed octagon, or, as we nave denoted it, p^ will be a mean 
between the two squares jp and P, so that p^=^ •8d:2-8284271 . 
Also from the proportion p+p^ : 2p :: P : P' we obtain 
the numerical value of the circumscribed octagon, that is, 

F = ?tl=^L^^S'Sl31085. Having thus obtained nu- 

merical expressions for the inscribed and circumscribed poly- 
gons of eight sides, we may from these, by an application of 
the same two proportions in a similar way, determine the sur- 
faces of those of sixteen sides, and thence the surfaces of 
polygons of thirty -two sides, and so on till we arrive at an in- 
scribed and circumscribed polygon, differing from each other^ 
and consequently from the circle, so little that either may be 
considered as equivalent to it. The. subjoined table exhibits 
the area^ or numerical expression for the surface, of each suc- 
ceeding polygon carried to seven places of decimals* 





Area of the inscribed 


Ak« of the cncumscribed 




, polygon; 


polygon. 


4 . 


20000000 


40000000 


8 


2-8284271 


3-3137085 


]6 


30614674 


31825979 


32 


31214461 


31517249 


64 


31365485 


31441184 


128 


31403311 


3-1422236 


256 


31412772 


31417504 


612 


314] 6138 


31416321 


1024 


31415729 


31416025 


2048 


3-1415877 


31416951 


4096 


31415914 


31415933 


8192 


31416923 


»141o928 


16384 


31416925 


31415937 


32768 


31415926 


31415926 
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It appears tben that the inscribed and circumscribed polygons 
of 32768 sides differ so little from each other that the numerical 
value of each, as far as seven places of decimals, is absolutely 
the same: and as the circle, is between the two, it cannot, 
strictly speaking, difiPer from either so much as they do from 
each other; so that the number 3*1415926 expresses the area 
of a circle whose radius is.l, correctly, as far as seven places 
of decimals. We may, therefore, conclude that were the 
absolute quadrature of the circle attainable, it would exactly 
coincide with the above number, as far at least as the seventh 
decimal place, which is an extent even beyond what the most 
delicate numerical calculations are ever likely to "require. 
Were it necessary, however, the approximation might be con- 
tinued to double the number of decimals : it has indeed been 
carried by some to a much greater length than this. Ltidolph 
van Ceuten had the patience to extend the approximation as 
far as the thirty-sixth place of decimals, by a method somewhat 
different indeed from that above described, but requiring an 
equal degree of labour and attention. Since his time the 
quadrature of the circle has been approached still nearer by 
other methods. An infinite series was discovered by Machin, 
by which he reached the quadrature as far as the 100th place 
of decimals, and v^hich proved to be 

314l'5926535,8979323846,2643383279,5028841971, 
6939937510,5820974944,5923078164,0628620899, 
8628034825,3421170679 ; 

and even this number has been extended by later mathemati- 
cians thirty or forty figures further. 

Having then found the numerical expression for the surface 
of a circle whose radius is 1, we readily find the area of any 
circle whatever ; for since the surfaces are as the squares of the 
radii, w6 have only to multiply the square of the radius of any 
proposed circle by the number 3'14169, &c., and the product 
will be the area. Also, since the surface of a circle is equiva- 
lent to half the circumference multiplied by the radius (Prop. 
XI.), it follows that when the radius is 1 the half circum- 
ference must be 5'1'4169, &c. ; or since the circumferences of 
circles are as their radii, when the diameter is 1, the circum- 
ference will be 3-14169, &c., so that the circumference of any 
circle is found by multiplying its diameter by 3-14169, &c., 
or, as is usual, simply by 31416. For the ordinai^y purposes 
of mensuration the circumference will be determined with suf- 
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fident precisioa by'multipl^ii^ the diameter b^ 22, and di- 
Tiding the product Dy 7, which is the approximation discovered 
by Archimedes. The fraction -^ is equal to S1428, and 
consequently the circumference, as determined by this last 
method, diners from the truth by rather more than a thou- 
sandth part of the diameter, which in most practical cases is 
too inconsiderable to deserve notice. 
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PEOPOSITION I. PROBLEM. 




To divide a^given straight line into any proposed num- 
ber of equal pafrts. 

Let it be proposed to divide the straight line AB into a 
certain number of equal parts. 

From one extremity A 
drgw an indefinite straight 
line AC, making any angle 
with AB, and upon it re- 
peat one more than the 
Sroplosed number of equal 
istaiices; then, supposing 
the last to terminate in C, 
and the last but one in G, 
the line AG will be di- 
vided into the same number of equal parts that AB is to be. 
divided into ; let the point E be at the distance of two of those 
parts from C, then if CBD be drawn, making BDziCB, and 
the points D,E be joined, the line AB will be divided in ^ ; 
so that BF will be dne of the required parts of AB. 

For draw GB ; then since CGi:i GE and CB = BD, tlie sid,w 
CE, CD of the triangle CED are divided proportionally by 
the line GB; therefore {Prop, V. B. VI.) GB is paraM to 
ED or EF: therefore, in the triangle AGB, we. have the jpnv 

E)rtiQn AG : EG : : AB : FB, but AG is a given multiplei of 
G; therefore (Prop. XL B. V.) AB is th^ same multiple 
of FB. 

Otherwise as JiMows: — From 
one extremity A draw the inde* 
finite straight line AC, making 
any angle wit*i AB, and from 
lihe other extremity draw BD, 
m&kingan equal angle with BA. 
Upon/BD repeat the distance 
AC as many times, wanting one, 
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as there are to be divisions of AB : draw CD, which will cut 
off from AB oae of the required parts AE. 

For, since the angles A, B are equal, the triangles EA'C, 
EBD are similar ; therefore AC : BD : : AE : EB ; hence, 
whatever multiple BD is of AC, the same multiple is EB of 
AE, that is, AE is one of the proposed ]^iEuts of AB. 



PBOPOSITION II. PROBLEM. 

. To find a mean proportional between two given straight 

lines. 

/ Let the given lines be A and B. 

Draw a straight line CDE, AB 
making CD=A and DE = B, 
and upon CE describe a semi- 
circle ; then the perpendicular 
DF, drawn from D to the arc, 
will be a mean proportional be- 
tween A and B. This is evident 
from Cor. 2. Prop. XXIV. 
Book VI. 




PROPOSITION III. PROBLEM. 

To find a fourth proportional to three given straight 

lines. 

From any point A draw two straight 
lines AB, AC, forming any ande ; and 
make AD, AE, AF respectively equal 
to the proposed lines; then it is re- 
quired to find a fourth proportional to 
AD, AE, AF. 

Join D, F, and parallel to DF draw 
EG ; AG will be the fourth propor- 
tional required; for (Prop. V. Cor. 
B. VI.). 

. AD : AE : : AF : AG. 

Ciyr. The same construction serves for finding a third pro-, 
portional to two given lines, as A and B ; this being the same 
' as a fourth proportional to the three lines A, B, B. 
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PROPOSITION IV. PROBLEM. 

To divide a given straight line AB into parts propor^ 
tional to given lines. 

Draw AC ecyioX to the longest of 
the proposed hnes, make AG equal 
to the line next in length, AF equal 
to the next, and so on: — join BC, 
and draw 6£, FD, &c, parallel to 
BC, and the line AB will be divided 
by them as required; for these pa- ^ 

rallels cut the sides AB, AC of the " 

triangle ABC proportionally (Prop. 
VI. Cor. B. VI.). 

PROPOSITION V. PROBL^BM. 

A straight line being given, to divide it so that the 
rectangle of the two parts may be equivalent to a 
given rectangle ; or to prolong it, so that the rect- 
angle contained by the whole line and the part added 
may be equivalent to a given rectangle. 
Let AB be the proposed straight line. 
Then, from' the extremities A, B draw the perpendiculars 
AD, BE, equal to the sides of the given rectangle, and both 
upon the same side of AB if it is to be divided, but one on 
each side if it is to be prolonged : draw DE, on which as a 
diameter describe a circle meetiQg AB, or its extension in the 
point C ; AC and CB are the parts required. 
For draw DC and CE. 

Then, the angle DCE being contained in a semicircle, is a 
right angle (Pnq). XIV. Cor. 3. B. III.) ; and, therefore, in 
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both cases of the problem, the angles A CD, BCE are together 
eaiial to a right angle. But the angles ACD, CDA are like- 
wise together equiu to a right angfe ; and, conse^ueiitfy, the 
angles BCE, CDA are equal. Wherefore the right angled 
triangles CBE, CAD are similar ; whence AC : AD : : BE : 
CB, and, therefore^ 

ACCB=ADBE. 

Sdwliym, 

It is obvious that in the second case of this problem, since 
a portion of the circle lies on each side of the line AB, the cir- 
cumference must always intersect its extension in two points,, 
C and C But, in the first case, the circle may either cut 
AB in two points C and C, or touch it in a single point, which 
will hence mark a limitation of the problem. When the circle 
does not reach AB, the problem fails, thus intimating that the 
pn^)oaed line cannot be divided as requir^. 



?EOPOSITION VI. PROBLEM. 

To construct a square that shall be equivalent to a 
given polygon. 

Reduce the proposed polygon AB 
to an equivalent rectangle (Prop . 
XVI. Cor. B. lyO, of which 
let A, B be the sides ; draw a 
straight line CDE, making CD 
r:A and DE~B: describe a 
semicircle on CE, and draw DF 
perpendic^li^ to CE, teroii* 
WtiM in the aye ; DF will be the side of the square sought, 
for (Prop. XXIII. Cor. 2. B. VI.) DF^zzCDDE. 



PROPOSITION VII. PROBLEM. 

To construct a square thatishall be to a given square, 
AC, as the line E is to the line F. 

Draw an indefinite straight line GH, upon which take GK 
=£ and KH=:F ; describe on 6H a semicircle, and draw the 
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perpendicular KL. 
Through the points 
G, H draw the 
straight lines LM, 
LN, making the for- 
mer equal to AB the 
side of the given 
square, and through 
the point M draw MN parallel to GH, then will LN be the 
side of the square sought. 

For, since MN is parallel to GH, LM : LN :: LG : LH; 
consequendy (Prop. IV. Cor, LB. VI.) LM« : LN« : : LG- : 
LH^ ; but, since the triangle LGH is right angled, we have 
<Prop. XVIL Cor. B. VL) LG» : LH« : : GK : KH; hence 
LM* : LN« : : GK : KH, but, by construction, GKirE apd 
KH=F, also LMziAB; therefore the square described on 
AB is to that described on LN, as the line E is to the line F. 



PROPOSITION VIII. PROBLEM. 




(B 



Upon a given straight line ab to construct a polygon 
similar to a given polygon, ABCDEF. 

In the given polygon 
draw the magonals AC, 
AD, AE ; and apply 
the given line oft to 
AB ; making AV equal 
to it : — draw succes- 
sively Vc\ cd!^ d!e\ ef 
respectively parallel to 
BC, CD, DE, ef ; then, from the points ab as centres, with radii 
equal to Ac, Vd^ describe arcs intersecting in c\ also, from the 
centres a, c, with radii equal to kdl^ c*cf , describe arcs inter- 
secting in d; in like manner, from the centres a, <2, with radii 
equal to A^, <2'<f', describe arcs intersecting in e; and, lastly, 
from the -centres o, ^, with radii equal to ^', ej^^ describe ares 
intersecting in/,* then, if the lines &c, cd^ dcy ^yjk be drawn, 
the polygon which they form will be similar to that proposed. 

For the polygon kVtfdie'f^ ^s similar to the polygon 
ABCDEF, since they are both composed of the same number of 
similar triangles, and the polygon abcdrfhaa been made equid 
to afVe*d!eff^; hence the poly^n on oA is similar to that on A& 

Schoiium. 
If ab is in the same straight line as AB, or if it is parallel^ 
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to AB, the construction of this problem will be somewhat 
simplified. After having divided the proposed polygon into 
triangles as above, draw from the point a v paraHeis to the dia^ 
gonak AC, AD, AE; then from b draw oc parallel to BC, 
mtersecting the first of these parallels in c ; from c draw cd 
parallel to CD, intersecting the second paraUel in J, and so on 
till the polygon on ab be completed. 

PROPOSITION IX. PROBLEM. 

A polygon being given, to construct a similar polygon 
that shall be to the foimer as the line E is to the 
line R 

Let AB be one side E_^ 

of the given polygon, ^- 

and perform the same 
operation as in pro- 
blem VII., that is to 

say, find a line, LN, 

such that AB* : LN« ^ » 

:,: E :F, and LN will 

be the side of the. required polygon which is homologous to 
the side AB ; for similar polygons being to each other as the 
squares of their homologous sioes, it follows that the polygon 
on AB is to the similar polygon on LN as E is to F ; there- 
fore it only remains to construct on LN, by the preceding pro- 
position, a polygon similar to that on AB. 

PROPOSITION X. PROBLEM. 

Two similar polygons being given, to construct another 
similar polygon which shall be equivalent to either 
the sum or difference of the former. 

The method of performing this problem immediately suggests 
itself from proposition XXII. B. VI. If a riffht anglwl tri- 
angle be constructed, having its perpendicular sides respectively 
equal to two homologous sides of tne given polygon, the hjrwv 
thenuse will be the homologous side of a third polygon similar 
to the former, and equal to their sum ; and if two homologous 
sides of the given poly^ns be taken, the one for the hypothenuse 
and the other for a side of a right angled triangle, then the 
other side of this triangle will be the homologous side of a third 
polygon similar to the former, and equivalent to their difler- 
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ence. Hence, having found in this way a side of the required 
polygon, the construction is reduced to proportion VIIL 





PROPOSITION XI. PROBLEM. 

To construct a polygon, which shall be equivalent to n 
given polygon P, and similar to another polygon Q. 

Upon AB, a side of 
the polygon Q, con- 
struct a rectangle AC 
equivalent to it (Prop. 
XVI.^B.IV.), and on 
BC describe a rectangle 
BE equivalent td the 
other polygon P* Let 
ab he SL mean propor- 
tional between AB, BD, 
then oft will be the side 
of a polygon similar to 
Q, and equivalent to P. 

For^ if a similar polygon q be constructed on ai, we shall 
have AB^ : ab^ :: Q iq, but, by construction, a62=ABBD; 
therefore AB* : AB'BD : : Q : g; consequently (Prop. I. Cor. 
B. VI.) AB : BD : : Q : ^ and, therefore, also AC : BE : : 
Q : q; but AC = Q; therefore (Prop. TX. Cor. 2. B. V.) 
BE=:qf, thatis P=9. 





'bi> 







PROPOSITION XII. PROBLEM. 

In a given circle to inscribe a triangle similar to a given 
triangle, abc. 
Draw a tangent D AE 
to the circle at any point 
A in the circumference, 
and make the angle £ AC j^ 
equal to the angle 6, and 
the angle DAB equal to 
the angle c. DrawBC, 
and the triangle ABC 
will be similar to the tri- 
angle abc. For (Prop, 
XV.B.IIL)the:angles 

B, C are respectively equal to the angles &, c ; 
two triangles, being equiangular, are similar. 




therefore the 
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PEOPOSITION XIII. PROBLEM. 

About a given circle to circumscribe a triangle similar 
to a given triangle, abc. 
Produce a side be 
of the triangle abc^ 
and having drawn any 
radius OD9 make the 
angles DOE, DOF 
eqUal reroectively to 
the exterior angles i, 
c; then three tan- 
gents, drawn through 
the points D, E, P, 
will form a triangle ^ 
ABC similar to the 
triangle abc. 

For, in the quadrilateral ODBE, the angles O, B are 
together equivalent to two right angles (Prop. XVII. Cor. 3. 
B. I.) : therefore, since the angle O has been made equal to 
the -exterior angle 6, it follows uiat the angle B is equal to the 
angle abc. In like manner it will appear that the angle C is 
ejjual to the angle cLcb: hence the triangles ABC, abc are 
sinnlar. , \ 

PROPOSITION XtV. PROBLEM. 

Upon a given base AB to construct an isosceles triangle, 
having each of the angles at the base doublethe ver- 
tical angle. 

Produce AB till therecfangle ACBC 
maybe equal to the square of AB ( Prop. 
XXXII. Cor. B. VI.), then, with the 
base AB and sides each equal to AC, 
construct the isosceles triangle DAB, 
and the angle A will be double the 
angle D. 

For make DE rr AB, or make AE = 
BC, and join EB. 

Then, by construction, AD : AB 
AB : AE, for AE=BC ; consequently 

the triangles DAB, BAE have a common angle A oGmtained 
by proportional sides: hence (Prop. XL B. VI.) they are 
imilar, and^ therefore, these triangles are both isosceles^ for 
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DAB is isosceles by construction, so that AB:±EB ; but 
ABr:DE; consequently DE = EB, and^ therefore, the angle 
D is equal to the angle EBD : hence the exterior angle AEB 
is equal to double the angle D, but the angle A is equal to the 
angle AEB ; therefore the angle A is double tlie angle D. 

SchoHum* 

It is obvious that, in a triangle so constructed, the vertical 
angle is a fifth part of two right angles, and each anrfe at the 
base is two fifths of two right angles, or one fifth of four right 
angles. 

PROPOSITION XV. PROBLEM. 

Upon a given straight line to construct a regular pen- 
tagon. 

Construct, first, upon AB an t> 

isosceles triangle DAB, ha^ng 
each of the angles at the base 
double the vertical angle; and 
about this triangle drcumseribe . 
a drck ; then the line AB will be 
the side of the r^ular inscribed 
pentagon. 

For, if the radii O A, OB be drawn, the angle O, being double 
the angle D, will be a fifth part of four right angles ; conse- 
quently (Prop. XXIII. Cor. 1. B. VI.) the arc A B is the fifth 
part of the whole circumference, and, therefore, the chord AB 
IS the side of a regular inscribed pentagon. 




PROPOSITION XVI. PRO^liEM. , 

Upon a given straight line AB to construct a regular 
hexagon. 

From the points^ A, B as centres, _ 

with radii equal to AB, describe arcs 
intersecting in O ; and fronf O, with 
the same radius, describe a circle, 
then AB will be the side of the in- 
scribed regular hexagon, as is mani- . 
fest from proposition VL book VII. 
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PROPOSITION XVII. PROBLEM. 

Upon a given straight line AB to construct a regular 

octagon. 

Bisect AB by the perpendicular CO, make CD=CA ; draw 
DA, and make DO equal to it, then from the centrfe O, with 
the radius OA, describe a circle, and AB will be the side of 
the inscribed regulac octagon. 

Draw OB :— Then, in the right 
angled triangle ACD, because AC 
is equal to CD, the angle ADC must 
be one half a right angle, and it is 
equal to both the angles DAO, 
DOA, and these angles are them- 
selves equal, because AD = DO; 
therefore the angle ADC is double 
the angle AOC, that is, it is equal 
to the angle AOB ; this angle, there- 
fore, is one half a right angle, or the eighth part of four right 
angles, so that the arc AB is the eighth part of the circum- 
ference ; and, consequently, the chord A B is the side of the 
inscribed regular octagon. 




PROPOSITION XVIII. PROBLEM. 

Upon a given straight line AB to construct a regular 

decagon. 

Construct upon the base AB 
an isosceles triangle, whose ver- 
tical angle O shall be half of 
the anme A, then from the 
centre O, with the radius OA, 
describe a circle, and AB will 
be. the side of a regular de- 
cagon inscribed in that circle. 

For the angle O is a tenth 
part of four right angles, and, 
therefore, the arc AB is a tenth 
part of the circumference ; con- 
sequently the chord AB may be applied exactly ten times 
round the circumfei;ence, thus forming a regular diecagon. 
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PB0P08ITI0K XIX. ^SOBUM. 

To divide a triangle ABC into two parts bv a line from 
A, the vertex of one of its angles, so that the parts 
may be to each other as a straight line Mto another 
straight line N. 

Divide BC into parts BD, DC 
proportional to M, N ; draw the 
line AD, and the triao^e ABC 
will be divided as required. 

For since triangles of the same 
altitude are to each other as their 
bases, we have ABD : ADC : 
BD:DC::M:N. 

Scholium. 

A triangle may evidently be divided into any number of 
parts proportional to given lines, by dividing the base in the 
same proportion. 

PHOPOSITION XX. PKOBLBM. 

To di^de a triangle ABC into two parts by a line 
drawn parallel to a side BC, so that these parts may 
' be to each other as two straight lines M, N, 
As M+N is to N, so make AB* to AD« (Prop. VII.). 
Draw DE parallel to BC, and the 

triangle is divided as required. 

¥<x the triangles ABC, ADE being 
sunilar, ABC : ADE : : AB« : AD« ; 
but M + N : N :: AB* : AD»; therrfore 
ABC : ADE : : M+N : N; conse- 
quently (Prop. Xill. B- V.) BDEC : 
ADE:: M : N. 



raoposiTiON xxi. fkoblem. 

To divide a triangle ABC into two parts by a line per^ 
penficular to tne base, so that these parts may be to 
each other as two ^ven lines M^ N, 
Draw the perpendicular AD, and as M4-N is toM^ao mabs 
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the square which is equivalent toBC*BD 
to BE« ; then the perpendicular EF will 
divide the triangle as required. 

For since the triangles ABC, FBE 
have the angle B in common, it follows 
(Prop. XVI. B. VI. Cor. 3.) that 

ABC : FBE :: BCBD : BE*; 

but by construction, 

M+N : N : : BCBD : BE*; therefore 

ABC : FBE : : M+N 
consequently AFEC : FBE :: M : N. 




N 



PROPOSITION XXII. PROBLEM. 

To divide a triangle into two parts by a line drawn 
from a given point P in one of its sides, so that the 
parts may be to each other as two given lines M, N- 

Draw PC, and divide AB in D, so that AD is to DB as M 
is to 1*? ; draw DE parallel to PC, join PE, and the triangle 
will be divided by the line PE into the proposed parts. 

For join DC ; then because PC, DE 
are parallel, the triai^gles PDE, CDE 
are equal; to each add the triangle 
DEB, then PEB=DCB; and conse- 
quently, by taking each from the tri- 
angle ABC, there results the quadri- 
lateral ACEP equivalent to the triangle 
ACD. 

Now ACD : DCB :: AD : DB : : M : N; 

consequently, 

ACEP : PEB :: M : N. 




Scholium: 

The above operation suggests the method of dividing a tri- 
angle into any number of equal parts by lines drawn fix)m a 
.g[iven point in one of its sides : for if AB be divided into, equal 
,parts^» and lines be drawn from the points of division parallel 
to PC, they will intersect BC, and AC ; and if from these se- 
veral points of intersection lines be drawn to P, they will divide 
the tnangle into equal Jjarts. 
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PROPOSITION XXIII. PROBLEM. 

To divide a triangle into three equivalent parts by lines 
drawn from the vertices of the angles to the same 
point within the triangle. 

Make BD equal to a third part 
of BC, and draw DE parallel to 
BA, the side to which. feD is ad- 
jacent. From F, the middle of DE, 
draw the straight lines FA, FB, 
FC, and they will divide the tri- 
angle as required. 

For draw DA, then sinc6 BD 
is one third of BC, the triangle 
ABD is one third of the triangle 
ABC ; but ABD= ABF (Prop. IlL Cor. 2. B. II.) ; therefore 
ABF is one third of ABC ; also since DF^FE, BDF= AFE, 
likewise CFD=CFE; consequently the whole triangle FBC 
is equal to the whole triangle FC A ; and FBA has been shown 
to be equal to a third part of the whole triangle ABC ; conse- 
quently the triangles FBA, FBC, FCA are each equal to a 
third part of ABC. 




PROPOSITIOKT XXIV. PROBLEM. 

To divide a triangle ABC into three equivalent parts 
by lines drawn from P, a given point within it. 

Divide BC into three equal 

Cin the points D, E, and A 

PD,PE; draw also AF 
parallel to PD, and AG pa- 
rallel to PE ; then if the lines 
PF, PG, PA be drawn, the 
triangle ABC will be divided 
by them into three equivalent 
parts. 

For join AD, AE ; then 
because AF, PD are parallel, 
the triangle AFP is equiva^ 
lent to t^e triangle AFD ; 
consequently, if to each of these there be added the triangle 
ABF, there willresultthe quadrilateral ABFP, equivalent to the 
triangle ABD ; but since BD is a third part of BC, the triangle 

. l2 
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ABD i« a third part of the 
triangle ABC (Prop, I. B. 
VI.); coiisequently tnequad- 
rilateral ABFP is a third 
part of the triangle ABC. 
Again, because AG, PE are 
parallel, the triangle AGP 
IS equivalent to the triangle 
AGE ; add to each the tri- 
angle ACG, and there results 
the quadrilateral ACGP, 
equivalent to the triangle 
ACE ; and this triangle is 
one third of ABC ; hence the quadrilateral ACGP is one third of 
the triangle ABC ; consequently, the spaces ABFP. ACPG, 
FPG are each equal to a third port of the triangle ABC. 

PROPOSITION XXV. PBOBLEM. 

To divide a triangle into any square number of e^ujd 
triangles^ similar to each other and to the original 
triangle. 

Let it be required to divide the triangle AJ3C into sixteen 
equal triangles similar to it. 

Divide one side AB 
into four equal parts, and 
from the the points of 
division draw DG, EH, 
FI parallel to BC, and 
DM,EL,FK parallel to 
AC, Through the inter- 
sections of these parallels 
draw GK,HL,IM, and 
the triangle ABC will be 
divide^ as required. 
. For the triangles whose 
bases are AD, DE, EF, 
FB, have their sides pa- 
rallel to those of the triangle ABC, and are therefiir^ sdmalar 
to it ; and as the bases of the^ triangles ar^ equal, the trililig)e& 
themselves are equal, and have equ«a altitudes, so that a dn^ 
straight line Gl^ passes through the vertices of all, and is fn^ 
rallelto AB. The rhomboid DK is divided into equal rlidm*^ 
boids by the parallels from E and F, and these again are dii^ed 
into equal triangles by their diagonals. In a similar manner th^ 
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rboQiboid AM i^ divided into equal triangles, as also the rhom- 
boids DX») EK, BI; and FC, and each of these rhomboids 
contain one or more of the triangles contained in DE ; hence 
the triangles are all equal, and they are similar to ABC. 

PROPOSITION XXVI. PROB]^£M, 

To divide a quadrilateral into two pat-ts by a straight 
line drawn from C, the vertex of one of its angles, 
so that the parts may be to each other as a line M 
to another line N. 

Draw CE perpendicular 
to AB, and construct a rect^ 
angle equivalent to the given 
quadrilateral, of which one 
side may be CE ; let the 
other side be EF ; and di- 
vide EF in G, so that M : 

N : : GF : EG; take BP a. P BEG F 

equal to twice EG, and join 
PC, then the quadrilateral will be divided as required. 

For by construction the triangle CPB is equivalent to the 
rectangle CE-EG; therefore the rectangle CE'GF is to the 
triangle CPB as OF is to EG. Now CE-GF is equivalent to 
the quadrilateral DP, and GF is to EG as M is to N , therefore 

DP : CPB :: M : N; 
that is, the quadrilateral ia divided as required. 

PROPOSITION XXVII. PROBLEM. 

To divide a quadrilateral AC into two parts by a line 
parallel to A6 one of its sides, so that these parts 
may be to each other as the line M is to the line N. 

Produce AD, BC till they 
meet in E ; draw the p^- 
pendicular EF and bisect it 
m G. Upon the side GF 
construct a rectangle equi- 
valent to the trian^e EDC, 
and let HB be equal to the 
other side of this rectangle. 

Divide AH in K, so toat . ^ ^ =i— -?^ 

AK : Kti :: M : N, and ^ , ^ ^ ^ ^ 

as AB is to KB, so make DA* to Ea* ; draw ab parallel to AB, 
and it will divide the quadrilateral into the required parts. 
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For since the triangles EAB, Ea6 are similar, we have the 
proportion EAB : Ea6 : : E A* : Ea« ; but by construction, 
EA* : Ea* : : AB : KB, so that EAB: Eab:: AB : KB : : 
AB'GF : KB'GF ; and consequently, since by construction 
EABnAB-GF, it follows that Ea6= KB* GF, and therefore 
AK-GF=Aft; and since by construction AH-GF=AC, it 
follows that KHGFnflC. Now AKGF : KHGF : : AK : 
KH ;, but by construction, AK : KH : : M : N ; consequently. 

Aft : aC :: M: N; 

that is, the quadrilateral is divided as required. 

If the sides AD, BC are parallel, 
then make AE= BC, bisectED inF, 
and divide AF in a, so that Aa : aF 
: : M : N, then the parallel oft will 
divide the quadrilateral as required. 

For draw FG parallel to ab meet- 
ing the production of BC, then since 
FD= CG,the triangles DFH,GCH 
are equal ; so that the quadrilateral 
aC is equivalent to therhomboid^fG, 
and by construction M : N : : Aa : 
aF : : Aft : aG ; consequently, 

M : N : : Aft : aC. 




PEOPOSITION XXVIII. 



PROBLEM. 



To divide a quadrilateral into two parts by a line drawn 
from P, a point in one of its sides, so that the parts 
may be to each other as a line M is to a line N. 

Draw FD, upon which 
construct a rectangleequi- 
valent to the ^ven quad- 
' rilateral, and let DK be 
the other side of this rect- 
angle ; divide DK in L, 
so that DL ; LK : : M : 
N ; make DF = gDL, 
and FG equal to the per- 
pendicular Aa ; draw Gp 
parallel to DP, join the 
points P, p, and the quad- 
rilateral will be divided as 
required. 
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For draw the perpendicular ph : — then, by construction, 
PDDK = AC, and PDDF = PDAtf + Pp.p5, that is, 
PD-DF is equivalent to twice the sum of the triangles APD, 
oPD ; consequently, since DL is half DF, PDDLziAPpD ; 
and therefore PD-LK=PBC;?; but PD-DL : PD-LK :: 
DL : LK : : M : N ; consequently, 

AVpD : PBCp : : M : N ; 
hence the quadrilateral is divided as required. 

PROPOSITION XXIX, PROBLEM. 

To divide a quadrilateral ABCD by a line perpendicu- 
lar to one of the sides AB, so that the two parts may; 
be to each other as a line M is to a line N. ' 

• Construct on DE, perpen- 
dicular to AB, a rectangle 
DE-EF, eauivalent to the 
quadril^teriu AC, and divide 
FEin G, sothatFG: GE :: 
M : N. Bisect AE in H, 
and (Prop. XXVI.) divide 
the quadrilateral EC into ** CrA 
two parts by a line PQ, pa- 
rallel to the side DE, so that those parts may be to each other 
as FO is to GH, then PQ will also divide the quadrilateral 
AC as required. 

For by construction DE-EF=AC, and DEEH=:DAEi 
hence DE-HF=zEC, and consequently, since the quadrilateral 
EC is divided in the same proportion as the base FH of its 
equivalent rectangle, it follows that QCnDE-FG, and EP = 
DE'GH, also AP=DE-GE ; consequently, 

QC : AP :: FG : GE :: M t N; 
that is^ the quadrilateral is divided as required. 

PROPOSITION XXX. PROBLEM. 

To divide a quadrilateral ABCD into three equivalent 
paWs by lines drawn from C, the vertex of one ojT 
its angles. 
Draw the diagonal' AC, and the perpendicular CE, which 

bisect in F ; construct upon FE a rectangle equivalent to the 

triangle DAC, and let AG be equal to the other side of this 

rectangle^ 
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Then the remaiDitig 
ooDstruction of this prob- 
lem will vary accordingly 
as ABexceedstwice AG, 
is less than half AG, ot is 
betw^n these two. Let 
us first suppose that 
AB>2AG. 

Take AP equal to a third part of AB-2AG ; bisect PB 
in P'; then draw the Unes CP, CF, and they will divide the 
quadrilateral into three equivalent parts. 

For PB= AB - AP, and smce AP= J AB— f AG, by con- 
struction, it follows that PB=AB — (f AB-|AG)=* AB+ 
» AG, that is to say, PB = * GB, and therefore PB-FE::= -| 
GBFE, that is, the triangle CPB is two thirds of the quad- 
rilateral AC ; but the triangles C PP, CPB having equal bases^ 
PP', FB, are each half the triangle CPB, and consequendy one 
third of the (j^uadrilateral : hence the spaces DAPC, CPF^ 
CFB are equivalent. 



Scholium. 

In this case of the p»roblem the lines of dlvisiob mvdt nede^aa^ 
tily fall within the triangle CAB ; for AB beiiig greatea: than 
2 AG, AB-FE>2AG:FE, that is, the triangle CAB exic^s 
twioe the triangle DAC, and is therefore greater than two thirds 
of the quadribtteral. In the third case of the problen (pro*, 
vided AG is not equal to f A B, nor to 2AB) this triangle will 
be less than two thirds of the quadrilateral, but greater than 
one third ; and consequently one- line of division only, will fall 
within the triangle CAB, and the other within the triangle 
DAC ; in this case, therefore, after having determined the hue 
CP^ by making AF=:i (2AB- AG), it will only be iiecessaxy 
to divide the remaining quadrilateral AP'CD, by propositioii 
XXVI., into two equal parts, by a line from the point C. In 
the second case of tms problem^ that is to say, when AB is leas 
than half AG, the triangle CAB will be less than ode tljird of 
the proposed quadrilateral, and consequently both lines of di- 
vision will fall within the other triangle DAC ; and therefore 
this case is virtually the same as the first i the perpendioular 
from C being to the side AD instead of AB. When we happen 
to have AG=| AB, or AG=2AB, then the diagonal CA wiU 
be one line of division. 
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A mere inspeotioD of the figure will always enable us ta de- 
termine up)ii which side the peipendidilar is tofall ; for as one 
trkngle will be always at least doubki the otfamr in surfaee, the 
greatest will be at onoe reoognized: 

^BOPOSITIOK XXXI. PROBLEM. 

To divide a quadrilateral AD into three equivalent 
parts by lines drawn from a given point P in one of 
its sides. 

The construction of this 
problem will be modified ac- 
cordingly as the tmande 
CPB, cut offby the line PB, 
is less or greater than one 
third of the quadrilateral AC, 
which will be discovered by 
constructing upon a common 
base rectangles equivalent to 
the triangle CPB, and to the 

auadrilateral ADPB: — If 
be altitude of the former be less than half the altitude of the 
latter, the triangle CPB will obviously b^ Itos than one third of 
the quadrilateral AC; and if it be greater, then the same tri- 
angle will exceed one third of the quadrilateral. Suppose then 
CPB < i AC. Draw PE perpendicular to AB, and upon FE, 
the half of PE, construct a rectangle'equivalent to ADrB, and 
let the other side of this rectangle be equal to GB ; construct 
also on FE a rectangle equivalent to the triangle CPB, and 
let BH be the other side of this rectangle. 

Take BK= ^ GB — | BH, join PK, dien PK will be ojae 
of the lines of cUvision. , , 

For the triangle PKB is equal to the rectangle KBFE, and 
the triangle CPBziBHFE by construction, therefore, P|[ 
BCP=(K:B+BH)FE ; but by construction, KB= J GB — 
f BH; thereforeKB+BH = iGB+iBH=:iGH; hence 
PKBCP = i GHFE = i ABCD, 

If CPB > ^ AC, then, instead of the perpendicular PE to 
AB, draw PM perpendicular to BC or its productioni and 
upon F' E', the half thereof, construct a rectangle equivalent to 
ADPB, and let G'B be equal to its base. Take BK' = f BC-^ 
i BG^ and join PK', then PK will be me of4he lines rfdi- 
visibn. 
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. For K'C = BC — BK^,imd by oonstnicticxi BK'^f BC- 
fBG'; therefore K'C=BC~(4BC-tBG0 = tBC+tBG, 
8o that the triangle PffC = f BC-F'E'+ 4 BG-PE', which, by 
construction is equivalent to one third of the whole quadrilateral 
ABCD. 

The other line of division will be readily found by Prop. 
XXVI. 

Scholium. 

If GB = i BH, or BC = i BG', then the value of BK or 
BK' is 0, which must necessarily be the case, since the line PB 
must then cut off a third part from the quadrilateral AC. This 
case of the problem will be intimated by the preliminary con- 
struction employed as above directed, to ascertain whether the 
part cut off ^y this line be greater or less than a third of the 
quadrilateral. It may be necessary to remark that the common 
base upon which the rectangles equivalent to these two parts 
are constituted, may as well be one of the perpendiculars P£ 
or PE'; for should the one chosen happen to be that which is 
to be drawn in the construction of the problem, it is plain that 
this oonstructu>n will thus be forwarded. 



PROPOSITION XXXII. PROBLEM. 

To divide the irregular pentagon ABCDE into three 
' equivalent surfaces by lines drawn from E, the vertex 
of one of the angles. 

The ocmstruction of this problem, like that of the preceding, 
will vary accordingly as the dia^nal EC cuts off a portion 
EDC, less or greater than the third part of the whole pol]^gon, 
which may be ascertained by performing the same preliminary 
operation as was directed in the preceding problem. Suppose 
that the triangle EDC is less tjian a third of the polygon, in 
which case both lines of division must necessarily fail to the 
left of the diagonal EC. 
Draw EF perpendicu- 
lar to BC, and bisect 
it in G. Upon GF 
construct a rectangle 
GF-HC equivalent to 
the quadrilateral AC ; 
construct also upon GF 
a rectangle GF-CK 
univalent to the tri- -^ 
angle EDC. TakeCP 
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= t HC — I CZ, and draw EP, which will cjut off a portioti 
PD equivalent to a third part of the polygon. 

For the triangle ECP is equivalent to the rectangle GPPC, 
and by construction the quadrilateral AC is equivalent to 
6F.HC ; hencethequadrilateralAPisequivalenttoGFCHC— 
PC), but PC niHC — S CK; consequently HC— PC =; 
i HC + i CK=AHK ; therefore AP=iGFHK =* ABCDE. 

Having foutid one line of division, the other £F may be 
found by proposition XXVI- 

If one of the lines of division EP fall to the riffht of EC,; 
then the perpendicular from E must be drawn to CD, and the 
remaining construction will suggest itself from what has been 
done above, and in the preceding problem. 

Scholium. 

It appears to be unnecessary to extend these moblems upon 
the. division of poh/ffons to any greater length ; a sufficient 
number has been given on this subject to afford the student an 
opportunity of applying the principles established in the pre- 
ceding booKs to an interesting and useful class of problems. 
We shall merely add the thi^ following by way of farther 
exercise, and shall terminate this part of our subject with two 
curious problems relative to the division of the circle. 

1. To divide a pentagon by a line drawn from the vertex of 
one of its angles, so that the parts may be to each other as a 
line M is to a line N. 

2. To divide a pentagon into three equivalent surfaces by 
lines drawn from a given point in one of its sides. 

3. To divide a pentagon into three equivalent surfaces by 
lines drawn from two given points in one of its sides. 



PROPOSITION XXXIII. PROBLEM. 

To divide a circle into any number of equal parts by 
means of concentric circles. 

Let it be proposed to divide the circle in the margin, whose 
centre is C, and diameter AB, into a certain number of equal 
parts, three for instance, by means of circles concentric with it. 

Divide the radius AC into three equal parts, AE, ED, 
DC ; draw the perpendiculars EF, DG, meeting the semi- 
circumference described upon AC, in the points F, G ; draw 
CF, CG, and with these lines as radii from the centre C, 
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describe circles: these circles will 
divide the proposed circle into 
tlie required number of equal 
parts. 

For draw AF, AG : then the 
angle AOC being in a semi- 
circle is a right angle; hence 
the triangles GAC, GDC are 
similar, and consequently are to 
each otiier as the squares of their 
homologous rides, that is, 

GAC: GDC :: 
but GAC : GDC : : CA 
hence CA* : CG« :: CA 




CA* : CG« 
CD 
CD 



Yy since drcles are to each other as the squares of 
their radii, it follows that tlie cirde whose radius is CA, is to 
diflt whose radius is CG, as CA is to CD, that is to say, the 
hrtter is one third of the former. 

. In like manner, by reasoning on the rij^ht angled triangles 
FAC, FEC, it nay be prored that the circle whose radius is 
CF is two thirds tnat whose radius is C A. Ccxisequently the 
smaUer circle and the two surrounding anmdar spaces are all 
equal. 



PEOPOSITION XXXIV. .PROBLEM. 

To divide a circle into any number of parts, which 
shall be all equal both in surface and boundary. 

Let it be required to divide the circle whose diameter is AB 
into five parts, which shall be equal both in surface and bound- 
ary. Divide the diameter 
into five equal parts, in the 
points C, D, E, F, and upon 
AC, AD, AE, AF describe 
semicircles. Describe semi- 
circles also upon BC, BD, 
BE, BF, but on the opposite 
side of the diameter AB :" 
then the circle will be di- 
vided into the proposed num- 
ber of curvilinear spaces equal 
to each other both in sunace 
and boundary. 
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For the diameter AB is to the diameter AD, as the drcmn-* 
ference on AB is to the circumference on AD, or as the semi- 
circumference on AB is to the semi-circumference on AD : 
also AB is to BD as the semi-circumference on AB is to that 
on BD. Consequently AB is to AD and BD together, as the 
semi-circumference A!rB is to the boundary AIDEB ; there- 
fore these two lines are equal. In a similar manner it may be 
shown that each of the other boundaries is also equal to the 
semi-drcumference APB. 

Again, the circle on AB is to the circles on AE, AF, as the 
square of AB is to the squares of A£, AF respectively. 
Consequently, 

drc. AB : circ. AF—circ. AE : : AB« : AF« — AE«. 

Now (Prop. VII. B. II.) AF«-- AE«=:(AE + AF).EF : Let 
m be the middle of EF, then AE+AF=: 2 Am. Hence, 

circ. AB : i circ. AF — i circ. AE : : AB« : Am-EF ; 

that is to say, the circle on AB is to the space included between 
the semicircles on AE and AF, as the square of AB is to the 
rectangle Am*EF. In exactly the same way it is proved that 
the circle on AB is to the space between the semicircles on BE 
and BF> as the square of AB is to the rectangle of Bm*£F. 
It follows therefore (Prop. XVI. B. V.), that the drclfe on AB 
is to the whole space ALEMBOFN, as the square, of AB to 
the sum of the rectangles Am*EF, BfTt-EF, that is, to the rect- 
angle AB'EF, and this rectangle is one fifth of AB^ ; conse- 
quently the space ALEMBOF^ is one fifth of the circle, and 
ttie same may, in like manner, be shown of the other spaces. 
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On the Definitions. 

Various definitions Iiave been proposed by different writers, to 
distinguish tbe straight line^ but they may all be shown to be 
liable to sol^e objection ; a circumstance not in the least remarkable^ 
for what is meant by a straight line is so generally understood^ that 
it does not seem possible to convey^ by any definition^ a better 
notion of it than the mere mention of its name suggests. . Euclid 
aajs, ^' A straight line is that which lies evenly between its extreme 
points*;" a definition which is both unsatis&ctory and useless. 
Others^ following Archimedes^ define it as '^the shortest distance 
from one point to another ;" but this appears to be assuming too 
much in a definition^ as it immediately leads to the inference^ that 
any two sides of a triangle are t<^ether longer than the third side ; 
a proposition which doubtless requires demonstration. 

The definition which I have given of straight lines^ is^ I thinks 
as little liable to objection as can be expected* It has^ at leasts one 
advantage: it dispenses with Euclid's tenth axiom^ viz, " Two 
straight lines cannot enclose a space " a property essential to the 
demonstration of proposition V. of this book. Professor Plaiffair has 
defined a straight line as follows : *^ If two lines are such that they 



* This definition, however, as translated by Mr. Playfair, appears less fanlty, viz. 
'^ Aftiii^t line is that which lies equaUy betweei\ ks extreme pointi^*' and in liwi 
inaimer the tnuulalpon it rtiadeped in the Frcoch edition of M. Ptyiwd. 

M 
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cannot coincide in any two points without coinciding altogether, 
each of them is called a stmight line." , 

This definition is not the best that can be given, for it contains 
more than is requisite. A definition which involves conditions not 
absolutely necessary is &iulty, as these superfluous conditions may 
be dispensed with, without leaving the thing defined less distinctly 
characterized. On this account, Euclid's definition of a square, as 
having '^ all its sides equal, and all its angles right angles," has been 
very properly objected to, as containing superfluous conditions : his 
definition of an isosceles triangle has, on the other hand, been wfth 
equal propriety objected to, as being too restricted ; since by de- 
fining i!t as ^^ that which has only two sides equal," the equilateral 
triangle is excluded. The meaning of Mr. Playfair's definition is, 
that if two lines which coincide in any two points are always found 
to coincide throughout their whole extent, each is a straight line. 
Now it is only necessary that the lines coincide between their coin- 
ciding points ; for that they will then coincide in every other part 
may be rigorously demonstrated, as in Prop. V. of these elements. 
This definition, therefore, is susceptible of restriction. The definition 
which is given in the text is not liable to this objection ; it suf- 
ficiently characterizes a straight line, and involves nothing but what 
must otherwise be assumed as an axiom, viz., that two straight lines 
cannot include space. Mr. Play fair's definition involves in it, in 
addition to this^ the theorem that '' two straight lines cannot have 
a common segment ;" and it is remarkable that that acute geometer: 
should not have .perceived that this very circumstance, which in his 
notes he seems to attribute to the merits of his definition, was in 
reality a consequence of its defect. I have been thus particular in 
examining Professor Playfeiir's definition, because I apprehend that 
it has hitherto been considered as perfectly unobjectionable, and as 
possessing the same degree of merit that usually attached to the 
productions of that distinguished individual. 

The definition which Euclid has given of an angle is very vague, 
and can convey but an indistinct notion of angular magnitude ; he 
calls it '' the inclination of two straight lines to one another, which 
meet together, but are not in the same straight line." To understand 
• this definition, it is necessary previously to know what is meant by 
" the inclination of two straight lines ;" an expression which has not^ 
however^ been defined. A modem 'author of celebrity has endea- 
voured to give fm idea of an angle, by referring to the revoltftion of 
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9 straight line; '^ A right angle is the fourth part of an entire 
Qircuit or revolution of a straight line :*' but what an angle has to do 
with the revolation of a straight line is not easy to conceive'; it is ^ 
certainly not in the smallest degree essential to its existence^ for if 
there were no such thing as a circle/ we could quite as readily admit 
tiie existence of.ui angle. The reference of angles to the arcs of- a 
circle is merely an artificial contrivance^ adopted for the more con- 
venient measurement and comparison of this class of magnitudes, 
i^lely with a view to practical facility ; but is in no way connected 
with the nature, of an angle^ and is therefore improperly brought 
forward in its definition. A more usual definition is, '^ an angle is 
the opening of two straight lines which meet in a point." By sub- 
stituting the word between for of, I think this definition becomes 
more explicit. * 

A perpendicular is generally defined as making equal adjacent 
angles with the line on which it falls ; a definition which appears to 
require amendment, as it excludes the perpendicular at the extremity 
of a line. It has therefore been thought proper to make the neces- 
sary addition. 

The definitions of a rhombus, a rectangle, and a square, appear 
to be rather simpler than those usually given ; they involve no 
more conditions than are absolutely necessary, and those conditions 
are such as may plainly subsist in the same figure ; it being only re- 
quisite to admit that one line may be parallel to another, a fact fully 
established in proposition XII., before either of these definitions are 
referred to. 

It.mAj be proper he^re to remark, that, in the application of 
terms, I have, in some instances, ventured to depart from ordinary 
usage. Thus in the comparison of lines, instead of adopting the 
•customary distinction of greater and less, I have preferred the de- 
signation of longer and shorter. As a line is understood to be merely 
length, the terms greater and less appear to be mere comprehensive 
than necessary, and seem to imply other diiaensions. For this reason, 
therefore, they have been changed for, terms of more- restricted im- 
port. I have also confined the term segment tathe portion of a circle 
cut ,off by its chord^ although it has been hitherto applied equally to 
;bi portion of a straight line. But this extension of the term appears 
Xo be quite unnecessary ; for -as a line has but one dimension, the ex- 
pressions .part.oi a line, or portion of a line can convey no ambiguity, 
and, therefore, on the ground of simplicity, appear to be preferable 

m2 
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to the tom segment. With siiiiilar views to precision I have vaa* 
fbrmly adopted the tenn m<igtUiude instead of the less definite ex- 
pression quaniiiy. The distinction which Legendre has drawn he^ 
tween equhnlent figures and equal figures^ I have preserved in this 
treatise^ as also that which subsists between an angle and the vertex 
of an angle^ a distinction not always made ; for as he observes^ the 
word angle is often employed, in ordinary language to designate the 
point situated at the vertex. These changes and distinctions^ trifling 
as they may appear^ are not unimportant^ for by giving precision to 
the terms employed^ we avoid at least one cause of obscurity. 



On the Theory of Parallel Lines. 

ITie theory of parallel lines is a subject that has considerably 
perplexed geometers since the time' of Euclid. The difficulty con- 
sists in showing that if a straight line intersect two parallels it will 
make the alternate angles equal, a truth which has never yet been 
established in a manner perfectly unobjectionable atnd conclusive. 
Some have attributed this failure to the definition usually given of 
parallels, and have sought to overcome the difficulty by emplrfjring a 
different definition ; still however the same or a similar obstacle has 
presented itself, and in almost every attempt which has been hitherto 
made to demonstrate the simplest properties of parallels in a purely 
geometrical manner, there has been found, upon scrutiny, to lurk 
some unwarrantable principle tantamount to an assumption of that 
which it is proposed to demonstrate. Euclid has been charged 
with having evaded the difficulty, but this seems to be hardly a fair 
statement of the course which he has adopted. He had no doubt 
used every effort to overcome it by the aid of previously established 
principles, but not meeting with success, he found it necessary to , 
assume an additional principle for this express purpose. This prin- 
ciple constitutes his twelfth axiom ; as however it is very far from 
being self-evident, it is entirely misplaced, nor is the principle itself 
the simplest that could have been chosen. That which forms pro* 
position XIII. in these elements, is doubtless more simple than 
Eudid^s twelfth axiom. This proposition which I have distinguished 
as a Lemma, forms the ninth axiom in Mr, Thomas Simpson^s in* 
genious Elements of Geometry; I have placed it immediately before 
the proposition to which it is subsidiary, and have endeavoured to 
establish its truth by a simple reference to one of the most obvious 
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characteristics of a straight line *- The demonstration of the propo- 
sition which immediately precedes this Lemma is taken^ with some 
little alteration^ firom the Principes MathhnatiqueSy par Mi Da 
Cunha. This demonstration is superior to every other that has been 
given of the same proposition. In Eudid^ and in most mpdenr 
authors^ this proposition depends upon a subsidiary theorem^ which 
is of no other use whatever (Prop. XVI. Euc). It is therefore 
8<miewhat remarkable^ that late writers on geometry have not availed 
themselves of this decided improvem^t^ instead of following the 
more circuitous course, which in this instance Euclid has pursued; 
and more especially as it was so strenuously recommended to their 
notice by the late learned professor Playfair^ who considered it as a 
most important improvement in elementary geometry, I believe^ 
however^ that it has not^ till now> found a place in any English 
book. 

As the subject of parallel lines is one of so much interest and 
importance^ it will not be uninstructive to the student to point out 
to him some of the feJlacies which have insinuated themselves into 
the reasonings of one or two mathematicians of eminence in their 
writings on this subject, as it will manifest to him the great degree 
of caution necessary to be observed in these inquiries. The following 
forms proposition XXII. in the first book of Leslie's Elements of 
Gecmietry, third edition. 

" If a straight line fall upon two parallel straight lines^ it will make 
the alternate angles equals the exterior angle equal to the interior 
opposite one^ and the two interior angles on the same side together 
equal to two right angles. 

Let the straight line EPG fall upon the parallels AB and CD ; 
the alternate angles AGF and DPG are equal, the exterior angle 
EFC is equal to the interior angle EGA^ and the interior angles 
CFG and AGP, or FGB and GPD are together equal to two right 
angles. 

For conceive a straight line produced both ways from P, to turn 
about that point in the same plane ; it will first cut the extended 
line AB above G, and towards A, and will, in its progress, afterwards 
meet this line on the other side below G, and towards B. In the 

* M,Le Commandeur de Nieuport has given the following definition of a straight 
line, via., la Ugne droke est ceUe qtte parcourt un poktt A^ dirigemt comtanmeta 
et invariMment so route ver$ un memepomt B. 

Nouveauz Mem. de X'Acad. de BnuceUes, torn. 1. 
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^tion IPH, the angle EPH is the exterior angle of the triangle 
FHG, and therefore greater than PGH 
or EGA. Bat in the last position 
LPK, the exterior angle EPL is equal 
to its vertical angle GPK in the tri- 
angle PKG^ and to which the angle 
PGA is exterior ; consequently PGA 
is greater than EPL, or the angle EPL 
is less than FGA, or EGA. When the 
incident line EPG therefore meets AB 
above the point G, it makes an angle 
EPH greater than EGA, and when it 
meets AB below that point, it makes 
an angle EPL, which is less than the 
same angle. But in passing through all the degrees from greater 
to less, a varying magnitude must evidently encounter the single 
intermediate limit of equality. Wherefore there is a certain position 
CD, in which the line revolving about the point P, makes the ex- 
terior angle EPC equal to the interior EGA, and at the same instant 
of time meets AB neither towards the one part nor the other, or is 
parallel to it. 

And now, since EFC is proved to be equal to EGA, and is also 
equal to the vertical angle GPD, the alternate angles PGA and 
GPD arc equal. Again, because GPD and PGA are equal, add 
the angle PGB to each, gnd the two angles GPD and PGB are 
equal to PGA and PGB, but the angles PGA and PGB on the 
same side of A B are equal to two right angles, and consequently the 
interior angles GPD and PGB are likewise equal to two right 
angles!" 

The above demonstration is unfortunately an entire failure ; its 
fallacy was first pointed out in the Edinburgh Review, in a critique 
on the second edition of Mr. Leslie's work ; as however the demon- 
stration remains unaltered in the third edition, it must be inferred 
that the learned author continues satisfied with the accuracy of the 
reasoning which he has employed. A little examination, however, 
appears sufficient to discover that Professor Leslie has in reality been 
demonstrating, not the proposition enunciated, but the converse of 
ity viz. If a straight line fall on two others and make the alternate 
angles equal, the two lines wiU be parallel. Por he shows that 
there is a certain position CD, in wliich the revolving line makes 
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the exterior angle EFC equal to the interior EGA^ and that then 
it must be parallel to AB ; but it is not shown that these lines can 
never be parallel but in this particular position^ which is the only 
thing difficult to prove^ and which indeed ' it was the object of the 
proposition to demonstrate. 

Another attempt to establish this theory has been nfore recently 
made by the writer of the article *' Geometry^*' in the Encyclopoedia 
MetropolUanOy a work of high value. The writer siets out with an 
entirely new definition of parallels^ viz.^ ^' Parallel lines are those 
in which any popt being taken in the one^ and any point being 
taken in the other, the perpendicular distance of these points from* 
tl^e other line shall be equal to each other/* By means of this de- 
finition the usual theorems are readily deduced. But these theorems 
are by no means sufficient to complete the theory of parallels ac- 
cording to the above new definition. It is further necessary to 
prove> ,that straight lines which are not parallel must necessarily 
meet : a proposition which is not established in the treatise referred 
to^ nor can it indeed be established without the aid of some such as- 
sumption as preceding writers have been compelled to make> in order 
to get through the difficulties of this, subject. Whatever definition 
be given of parallel lines^ it is absolutely indispensable to establish 
this distinction between those which are parallel, and those which 
are not, viz., that the former can never meet when produced, but 
that the latter, necessarily must : a distinction implied in Euclid's 
definition of parallels, and without which it would be quite im« 
possible to show that any two lines whatever, however they may be 
drawn in reference to a third, can be produced till they meet. Hence 
the construction of problem VIII. in the article alluded to, vLb:, 
" Given two angles and any side of a triangle to construct the tri- 
angle" is not substantiated, for two lines are assumed to meet^ when, 
for aught that has been shown to the contrary, they may be inca« 
pable of meeting. I am aware that to proposition XXIV. Book II. 
of the aforesaid treatise, whejre it is demonstrated that The three an^ 
glea of a triangle taken together are equal to two right angles, there 
is subjoined the following corollary, viz., *' It follows from this, that 
if two lines are cut by a third line, so as to make the two interior 
angles on the same side less than two right angles, these lines pro- 
duced will meet, and form a triangle ;" from a slight examination, 
however, it will appear that this corollary does not follow. 
' A very novel mode of considering this subject has been proposed 
i>y M. Bertrand of Geneva, which has attracted mudi notice on the 
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continent ; M. Develey has introduced it among the pr^ositions of 
his Elemens de Geometrie, and Lacroia* has given it in a note at 
page 23 of his ElSmens, and has pronounced it to be more simple and 
ingenious than any with which he is acquainted * ; although I can- 
not help regarding it as a mere contrivance^ ingenious indeed^ but 
involving considerations that ought not to be admitted into elements 
€f geometry. The reasoning of M. Bertrand to show that two lines 
which make with a third two interior angles^ whose sum is less than 
two ri^t angles^ may be produced till they meet^ is in substance as 
follows : — 

Let the straight lines CA, DB make^ with AB^ interior angleai at 
A and B> whose sum is less than two right angles^ then AG, BD 
may be produced till they meet. 

Let the angle E AB make^ with the angle DBA, two right angles, 
then AC must lie vrithin the sides of the angle EAB. Take the 
angle E'A'B' equal to EAB, and WA'C equal to EAG. 

Then it is plain, that whatever be the magnitude of the angle 
E'A'C, a multiple of it may be taken so great as to exceed the 
angle E'A'B' ; in other words> the angle E'A'C' may be repeated 
about the vertex A' till it' fills up the angle E'A'B'; and, ODUse- 
quently, the unlimited space comprised between the lines A'E', 
A'C' will, by such repetition^ entirely fill up the unlimited space 
eomprised between the lines A'E', A'B', however far the lines com- 
prising these spaces be produced ; therefote the space EAC will, by 
repetition, fill up the space EAB. 

Let us now consider the unlimited space, or band EABD, which 
we may repeat as ohen as we please upon the production of the base 
AB ; for if BF be taken equflJ to AB, and the angle BFG be made 




• v( £Ue Qi*a ^ru le plus uiaple et la plus ingenieuss de toutos chiles que jr 
cdhnais."-— Lflcrotar, Elemens de Giom^trie, p. 23. 
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equal to ABD^ it is obvious that the band EABDinll, upon appli^ 
cation^ entirely coincide with the band DBFO^ for the angles at 
their bases are equal each to each^ and the bases themselves are eqnaL 
We majr thns^ therefore^ multiply these bands to any extent by pro- 
ducing AB indefinitely^ and yet we shall never be able entirely to 
fill up the unlimited space comprised between the lines AE, AB. 
But it has been shown that the space comprised between A^, AC, 
by being repeated a limited i^umber of times, will entirely fill up the 
same space^ viz., that comprised between A£^ AB. It follows, 
therefiore, that the space comprised between A£, AC must exceed . 
the space EABD, and, therefore, cannot possibly be wholly included 
in that space, which must, however, be the case if AC were not to 
meet BD ; AC, therefore, must necessarily meet BD. 

Such is the contrivance which M, Bertrand adopts to demonstrate 
the truth of Euclid's twelfth axiom. His reasoning has, indeed, the 
semblance of geometrical accuracy, but the consideration of wnUmUed 
*or ignite spaces, which that reasoning involves, is not among those 
comprehended by elementary geometry, wl^ch treats only oijigure or 
bounded space ; and, therefore, the validity of the conclusions derived 
from such considerations may justly be disputed. 

The same author has given a neat and a much more satisfactory 
demonstration of the converse of this proposition ; and although I 
think it is inferior to that of iVf. Da Cunha, it nevertheless deserves 
notice. 

Let the lines CD, EF make, with the line AB, angles CAB, 
EBA, which are together equal to two right angles; CD; EF are 
parallel. 

Since the angles CAB, DAB are also equal to two right angles, 
it follows that the angle DAB is equal to the angle EBA. x 

For similar reasons the angle FB A 
is equal to the angle CAB. Let 
DABF be applied to EBAC, so that 
the angle DAB may coincide with the 
equal angle EBA, and the angle FBA 
with the equal angle CAB. Then, 
since the position of AB remains un-* 
altered, it is obvious that the lines 
AD, BF will cmncide respectively 
with BE, AC. Hence, if BE, AC 
could meet, AD, BF would also meet, 
so that the lines CD, EF would have 
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two points in common^ which is impossible. In the same way it 
would evidently result that if AD, BP could meet, BE, AC would 
Also meet; consequently the lines CD, EF al*e parallel. 

Having now exhibited to the student some of the latest attempts 
to establish the theory of parallel lines upon geometrical principles, 
and having endeavoured to point out wherein these attempts fail. I 
shall^ now proceed to give an expllnation of the method which the 
celebrated Legendre has employed to accomplish the same object, and 
in which he appears to have entirely succeeded, not indeed in a manner 
strictly geometrical, but by the aid of principles as simple and as 
admissible as the axioms of geometry* In extracting from Legendre 
I shall avail myself of the English translation of Dr, Bremter, 

Referring to Euclid's twelfth axiom^ L^endre observes, " This 
postulate has never hitherto been demonstrated in a way strictly geo- 
metrical, and independent of aU considerations about infinity ; a cir- 
cumstance attributable, doubtless, to the imperfection of our common 
definition of a straight line, on which the whole of geometry hinges." 
But viewing the matter in a more abstract light, we are famished by. 
analysis with a very simple method of rigorously proving both this 
and the other fundamental propositions of geometry. We here pro- 
pose to explain this method, with all requisite minuteness, beginning 
with. the theorem concerning the sum of the three angles of a tri- 
angle. 

By superposition it can be shown immediately, and without any 
preliminary propositions, that /wo triangles are equal token Ihey have 
two angks and an interjacent side in each equal. Let us call this 
side p, the two adjacent angles A and B, the third angle C. This 
third angle C, therefore, is entirely determined, when the angles A 
and B, with the side p are known ; for if several different angles C 
might correspond to tbe three given magnitudes A» B, p, there 
would be several different triangles, each having two angles, and the 
interjacent side equal, which is impossible ; hence the angle C must 
be a determinate function of the three quantities A, B, p, which 1 
shall express thus, Crz ^ : (A, B, p). 

Let the right angle be equal to unity, then the angles A, B, C 
will be numbers included between and 2 ; or taking two ri^t 
angles for unity, which indeed seems< preferable, since this is the 
natural limit of angular magnitude, all angles will be included be- 
tween and 1 ; and since C = <p : (A, B, p), 1 assert, that the line 
p cannot enter into the function ^. For we have already seen that C 
must be entirely determined by the given q<iantities A, B, p- alone. 
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without any other line or angle whatever. But the line p is het^ 
rogeneous with the nmnhers A, B> C; and if there existed any 
equation hetween A, B^ C^ p, the value of p might be found froin 
it in terms of A^ B^ C ; whence, it would follow that p is equal to 
a number^ which is absui^ : henee^ p cannot enter into the function 
<p, and we have simply C = ^ : (A, B). 

This formula already proves that if two aisles of one triangle iare 
equal to two angles of another^ the third angle of the former must 
also be equal to4;he third angle of the latter ; and this gsanted^ it is 
easy to arrive at the theorem we have in view. 

Firsts let ABC be a triangle right angled 
at A ; from the point A draw AD perpen- 
dicular to the hypotenuse. The angles B 
and D of the triangle ABD are equal to the 
angles B and A of the triangle BAG; 
hence^ from what has been just proved, the 
third angle BAD is equal to the third C. 
For a like reason the angle PAC=B; 

hence BAD+DAC, or BAC=B-^C, but the angle BAG is right : 
hence iJ^e two acute angles of a right angled triangle are together equal 
to a right angle. 

Now, let BAG be any triangle, and 
BG a side of it not less than either of 
the other sides; if from the opposite 
angle A the perpendicular AD is let 
fall on BG, this perpendicular will fall 
within the triangle ABG, and divide 
it into two right angled triangles BAD, DAG. But, in the right 
angled triangle BAD, the two angles BAD, ABD are together equal 
to a right angle ; in the right angled triangle DAG, the two DAG, 
AGD are also equal to a right angle ; hence, all four taken together, 
or, which amounts to the same thing, all the three, BAG, ABG, 
AGB, are together equal to two right angles ; hence, in every tri- 
angle, the sum of its three angles i> equal to two right angles" 

This theorem is sufficient to remove the difficulty in the theory 
of parallels, as will be afterwards shown. But let us proceed with 
Legendre's reasoning. 

*' It thus appears that the theorem in question does not depend, 
when considered a priori, upon any series of propositions, but may 
be. deduced immediately from the principle of homogeneity ; a prin- 
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dple which must display itself in all relations between all quantities 
of whatever sort. I4et us continue the inrestigatioiiy and show that 
horn the same source the other fundamental theorems of geometry 
may likewise be derived. 

Retaining the same denominations as before^ let us farther call 
the side opposite the angle A by the name of m, and the side opposite 
B by that of n. The quantity m must be entirely determined by 
the quantities A, B, p done ; hence m is a function of A^ B, p, and 

- is one also; so that we may *put - =^ : (A, B, p). But - is a 

number as well as A and B ; hence the function ^ cannot contain 

the hnep, and we shall have simply -=:\|^ : (A, B),or m=fn(r: (A, 

B). Hence^ also, in like manner, n=\{/: (B, A). 

Now, let another triangle be formed with the same angles A, B, 
C, and with sides m' n' pi respectively opposite to them. Since A 
and B ^e not changed, we shall still, in this new triangle, have 
>»'=jy^ : (A, B), and n'=jy\I/: (A, B). Hence w : m' : : « : n' : : 
p : pf. Hence, in equiangular triangles, the sides opposite the equal 
angles are proportional" 

From this general proposition Legendre is enabled to demonstrate 
Euclid's twelfth axiom, viz. : If a straight line meet two straight 
lines so as to make the two interior angles on the same side of it, 
taken together, less than two right angles, these straight lines being 
continually produced shall at length meet upon that side on which 
^ are the angles which are less than two right angles. 

Let the straight line AB 
meet the two straight lines 
AE, BD, making the in- 
terior angles EAB, DBA, 
together, less than two right 
angles. It is obvious that 
at least one of these angles 
must be acute, the other may 
be either right, obtuse, or 
acute. Let EAB be an acute 
angle, and suppose, first, that 
the angle DBA is either 
right or obtuse. Take apy HI A Q- 
point F in AE, and draw 
FG, making the angle FGB equal to the angle DBK. The point G 
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dannot Ml <m A> for the m^^le FAB is less than the angle DBK. 
Nor can it fkll on H in the production of BA; for^ since the two 
angles EAB^ DBA are^ together, less than two ri^t angles^ FAH, 
DBK must be, together, greater than two right angles ; so that if Q 
fell on H, the angles of the triangle FHA would be, together, 
greater than two righ^ angles, which is impossible; hence Q must 
fall as the figore represents in the direction AB. 

Let, now, AL be taken double of AF, and let LM be drawn; 
making the same angle with AB as FG does. Then, since the tri- 
angles FAG, LAM have the angles FGA, LMA equal, while the 
angle FAG is common to both^ they are equiangular: hence we 
haye tile proportion AF : AL : : AG : AM ; AM, dierefore, is 
double of AG. In a similar manner, if AL had been taken equal 
,to anjr other multiple of AG, AM would hare been an equimultiple 
of, AG ', and since some multiple of AG may exceed AB, that is,^ 
since the point M may fall beyond B in the production of AB, A£ 
produced must intersect the production of BD, for LM must be 
always parallel to DB (Prop. XII. Cor. 1. B. I.); and, conse- 
quently, when M is beyond B, ML must lie throughout beyond 
BD, and, therefore, AL must intersect BD. 

If AE, BD' both make acute angles with AB, then it is obvious^ 
since, as just proved, A£ may be produced till it meet a perpendU 
cular to AB, from B it must necessarily intersect the intermediate 
line BD'. 

Thus, then, by the aid of a few*siinple principles derived f^m the 
consideration of functions, Euclid's femous pdsUdate becomes snscep* 
tible of complete demonstration. Legendre vemarks, ^' the pr«^M>« 
sition concerning the square of the hypotenuse, we already know is 
a consequence of that concerning equiangular triangles. Here, theny 
a^e three fundamental propositions of geometry — ^that concerning the 
three angles of a triangle, that concerning equiangular triangles, 
and that concerning the square of the hypotenuse, which may 
be very simply and directly deduced from the oonsideratiwi of 
functions." 

Tlie above theory of M. Legendre has met with much opposition 
in this country. It has been said that if the functional equation 
C = ^ : ( A, B, p) lead to the conclusion .that the angle C is simply a 
function of the other two angles A, B, because '' the line j9 is of a 
nature heterogeneous to the angles A and B, and, therefore, cannot be 
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oompoimcled wiih these qoantities * ;" there would be the same reason 
to infer from the equation c:=fz(a,by C), in which a, b are the sides, 
and C.the included angle of a triangle, whose base is c; that '^ c is 
simply a function of a and b, or it is the necessary- result merely 
of the other >two sides. In other words, as the third angle of a 
triangle depends on the other two angles, .so the. base of a triangle 
must have its magnitude determined by the lengths of the two in- 
cumbent sides. Such is the extreme absurdity to which this sort, of 
reasoning would lead f." 

' But, in order to overcome whatever doubt the student may en- 
tertain of^the validity of the reasoning here impugned, I shall .ven- 
ture to offer, a few illustrative remarks with a view of. placing the 
subject in a clearer light. 

And, first, it may be observed that angles and lines are magnitudes 
in their, nature totally distinct, and unsusceptible, therefore, of com- 
parison. The magnitude of an angle is entirely independent of the 
length of its including lines, as these are independent of their in- 
cluded angle. An angle, moreover, differs, as magnitude from aline in 
another respect, viz., it is naturally expressible numerically, that is 
to say, independently of any assumed standard as the measuring 
unit. With respect to lines, on the contrary, we are necessarily 
constrained to adopt some arbitrary length as a standard of measure- 
ment, such as an inch, a foot, a yard, &c. ; there being; no definite 
and invariable standard naturally suggested from the consideration 
of a straight line, for, strictly speaking, there is no such thing 
as a whole or complete straight line, or one incapable of further 
increase or extension ;»were this, indeed,. the case, the adoption of an 
arbitrary unit of measure would be quite useless and absurd, since 
straight lines in general would be naturally expressed by numbers 
denoting them as parts of this whole, or as expressing their ratios 
thereto ; but the straight line has no limit. The limit of an angle 
on the other hand is two right angles; this is its maximurn of value,. 
SO that every angle is a definite part of this, finite ,whole J. T^yo 

, * This quotation needs correction : it is not sufficient that p be heterogeneous to the 
two magnitudes A, B, but it must be likewise heterogeneous to the third magni- 
tude C. 

t Leslie^s Geometry, third edition, page 294^ ' 

X Wc may add, however, that if we chose to ascend to t^ move eleTated-analytical 
prin^ple, it were easy to show that between angles and one straight fine there <;annot 
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right angles, therefore, being 1, every angle is expressed by an ab- 
stract number lying between the limits of and 1. 

Although straight lines cannot for a moment be concieiyed to ad-: 
mit of such numerical representation in the absence, be it remem- 
bered, of a conven/fona/ standard of i'eference ; yet when any two. or 
more straight lines are concerned in any inquiry, an abstract number 
may be the result of their combination ; for the ratio ^ of any two ho-< 
mogeneous quantities whatever must be an abstract number, whether 
the 'quantities themselves are detenninable numerically or not. 

It appears, then, that in* our calculations with angles and straight 
lines, if we previoudy lay down the principle that all artificial aids 
are to be rejected, and the magnitudes in question to he considered as 
they naturaUy present themaeives to our ejtamination ; angles must 
be regarded as ratios or abstract numbers, and lines simply as such 
having no natural standard of comparison. 

If, in the equation G=:^ : (A, B, c), c did not disappear, an ab* 
solute length, c, might be determined by numbers without the unit 
of length being known ; which is absurd f . But independently of 
this consideration, it is, I think, quite obvious from the preceding 
remarks, that whatever be the operation indicated by (p upon the 
numbers A, B and the line c, the result must necessarily be a line ; 
and, therefore, if c did not disappear, the equation C = (p : (A, B, <?) 
would be impossible, although at the commencement of the reasoning 
it was admitted to exist. 

In the equation c = p : (r/, h, C), however, we have obviously no 
right to expunge either a, ^, or C ; for there is no absurdity in 
allowing a straight line c to result from the combination of two 
other straight lines with a number. 



exist any lelation from which the latter as a function of the former can be de- 
termined. These quantities, considered as magnitude destined to enter into our 
calculations, are not homogeneous when referred to the wholes, of which they le- 
spectively form a part. The angle is a portion of a finite whole, the strai^t line a 
portion of an infinite whole ; so that er^ery angle it a finite quantity^ whilst every 
given ttraight Une is a quantity infinitely small, ai)d only the ratios of given straight 
lines can enter into our cdkviatipns with given angles. — Defence of Legenire*s 
Theory by M, Le Baron Maurice ; Legendre*s Geometry by Brewster, p. 236. 

• Ratio is defined at page 197* 
' f <' Car taene disparoit pas, il faudra qu'une longueur absolue, c, sbit determine 
par deB noinhies sans que Tunite de longueur solt connue ; ce qui est une absurdity "-« 
M. Legendre's Letter to Mr, Leslie. 
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Henoe it would be wrong to oondnde that the base of a trumgle 
ig simply a fiinctioii of the other two sides^ althoogh we cannot 
avoid iiifening that any angle of a triangle is simjdy a function 
<tf the other two angles*. 

This sejecdon of , artificial assistance adds mxuSi to the elegance of 
M. Leg^ndre's method^ and renders its allianoe with pure geometry^ 
which is altogether independent of this sort of old, the more striking 
and remarkable. 

Having thus explained the analytical methpd of Legendre> I shall 
now proceed to lay before the student a very ingenious and satis- 
ftctory train of argument^ by which the same conclusions are esta^ 
blished upon strictly geometrical principles. It is the production of 
a very distinguished mathematician f ; and although it must be con- 
fessed that it is not sufficiently simple to be introduced into the first 
book of the elements ; it^ nevertheless, clearly shows that the dif- 
ficulty is not of such a nature as to be beyond the power of ele- 
mentary geometry to remove. 



PROPOSITION I. 

To construct a triangle that sJiaU have the sum of its angles 
equal to the sum qf the a/ngks of a given triangle j and one 
of its angles equal to, or less than, ha^any proposed angle 
of the given trta/ngU, 

Let ABC be the given triangle, and 
ABC one of its angles; bisect the side 
AC, opposite to ABC, in E ; join B£, 
and^ having produced it, cut off EF equal 
to BE ; join CF : the sum of the angles 
of the triangle BFC will be equal to the 
sum of the angles of the triangle ABC ; B" 
aiid one of the angles FBC, or BFC, will 
be equal to, or less than, half the angle ABC. 

* In addition to the above remarks, the student may oonsolt the paper of M. I« 
Baron Maurice, which forms part of Note II., in Dr. Brewster's translation of 
Lq$endre's Elements of Geometry. See also Philosophical Magazine, vols. j63 
and 66* 

t James Ivory, Esq. M. A., F. R. S., &c t 
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' The two triangles AEB, CEF are equal ; for the two sides AE, 
EB, and the included angle in the one^ are respectively equal to the 
two sides CE^ EF^ and the included angle in the other. Where- 
fore the angle BAE being equal to ECF^ the whole angle BCF is 
equal to the two angles BAE and BCE; and the angle ABE being 
equal to EFC^ the whole angle ABC is equal to the two angles 
GBE and EFC. Consequently the three angles BCF, CBE, and 
EFC are equal to the three angles BAC, ACB, and ABC. Again, 
if BC be equal to CF, the angles EBC and EFC will be equal to 
one another, and to half of ABC ; but, if BC and CF be unequal^ 
the angles EBC and EFC will likewise be unequal ; and, therefore, 
one of them will be less than the half of ABC. 



PROPOSITION 11. 

The three angles of a iricmgle ccmnot be greater than two right 

angks. 

If it be possible, let the 
three angles of the triangle 
ABC be greater than two 
right angles, and let the eit- 
cess above two right angles 
be equal to the angle or. Con« 
struct the triangle BCF, 
having the sum of its angles 
equal to the sum of the 
angles of the triangle ABC, 
and one angle FBC equal to> 
or less than, half the angle 
ABC; in like manner con- 
struct another triangle F'B'C', 
having the sum of its angles 

equal to the sum of the angles of the triangle FBC, and one angle 
FB'C equal to, or less than, half the angle FBC; and con- 
tinue the like constructions as far as necessary. Because the angle 
FBC is equal to, or less than, half the angle ABC ; and the angle 
FB'C equal to, or less than, half the angle FBC, and so on ; by 
continuing the series of triangles isa enough, we shall at length 
arrive at one, viz., FB'C, having an angle FB'C less than the given 

N 
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angle «r«. And because the three angles of every triangle in the 
series make the same sum, the three angles B'C'F^ BFC, FB'C 
will be, together, equal to the sum of two right angles, and the 
angle x; wherefore the angles B-OF' and B'F'C^ are greater than two 
right angles, which is absurd (Euc. Prop. XVII. B. I.). Therefdre 
the three angles of a triangle cannot be greater than two right angles. 



PROPOSITION III. 

lite three angles of (my triangle are equal to two right angles. 

If what is affirmed be not true, let the three angles of the triangle 
AGB be less than two right angles, and let the defect from two right 
angles be equal to the angle oc. Let P stand for a right angle, and 
find a multiple of the angle <r, viz., mx<r, such that 4P— m^<r, or 
the excess of four right angles above the multi|>le angle shall be less 
than the sum of the two angles ACB and ABC of the proposed tri- 
angle. 

Produce the side CB, and 
cutoff B£, feF, FG, &c. each 
equal to BC, so that the whole 
C6 shall contain CB m times ; 
and construct the triangles 
BHE, EKP, FLG, &c., 
having their sides equ^ to the 
sides of the triangle ACB, 
and, consequently,tlieir angles 
equal to the angles of the same 
triangle. In C A produced take any point M, and draw HM, KM, 
LM, &c. ; AH, HK, KL, &c. 

All the angles of all the triangles mto which the quadrilateral figure 
CGLM is divided, constitute the four angles of that figure, together 
with the angles round each of the points H, K, &c., and the angles 
directed into the interior of the figure, at the points A, B, E, F, &c. 
But all the angles round the points H, K, &c., of which points the 
number i8'm-.2, are equal to (7»-2) x 4P, or to 4;»P-8P; and 




• For, by contanually bisecting any proposed magnitude, a magnitude will at length 
be found less than any g^v^n magnitude. 
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all the angles at the points A^ B^ E, F, Scc.y are equal to »» x 2P. 
Wherefore the sum of all the angles of all the triangles into which 
the quadrilateral CGLM is divided^ is equal to the four angles, of 
that figure, together with 4wP— 8P+2mP=6«P — 8P. 

Again : the three angles of the triangle ABC are, by hypothesis, 
equal to SP*"- d? ; and^ as the number of the triangles CAB, BH£, 
EKF, FLG, is equal to m, the bum of all the angles of all these, 
triangles will be equal to 2mP — mxx. Upon each of the lines - 
AH, HK, KL, there stand two triangles, one abore, and one below ;, 
and, as the three angles of a triangle cannot ^tceed two right angles, 
it follows that all the angles of those triangles, the number of which 
is equal to 2m — 2, cannot exceed 4wP — 4P. Wherefore the sum 
of all the angles of all the triangles into which the quadrilateral 
CGliM is dividedcannot exceed 4«P—4P+2wiP—iwxar=6wP — « 
8P-f;4P-mxx. 

If follows from what has now been proved, that the four angles ^ 
of the quadrilateral CGLM, together with 6mP-— 8P, cannot ex- 
ceed 6mV — 8P + 4P — w X ^. Wherefore, by taking the same thing, 
viz,, 6mF— 8P, from the two unequal things, the four angles of the 
quadrilateral CGLM cannot exceed 4P — m x a?. But 4P — mxx 
is less than the sum of the two angles A€B aiid LGF : wherefore 
a fortiori, the four angles of the quadrilateral cannot exceed the sum 
of the two angles ACB, LGF ; that is, a whole cannot exceed a 
part' of it, which is absurd. Therefore the three angles of the tri- 
angle ABC cannot be less than two right angles. 

And because the three angles of a triangle can neither be greater 
nor less than two right angles, they are equal to two right angles. 

By help of this proposition, observes Mr. Ivory, the defect in 
Euclid's Theory of Parallel Lines may be removed. 

I shall, however, venture to surest a trifling improvement, which 
the above reasoning appears to admit of, and thereby obviate an ob- 
jection that might be brought against it. 

It might be said, and with reason, that we have no right to assume, 
that, in every case, a multiple of x may be taken, such that 4P— 
mx may be less than the sum of the two angles ACB and ABC ; fo/ 
these angles may be so small that their sum shall be much les3 than 
the angle x, however small this be assumed; and although 4P — mx 
must also be less than a*, it may nevertheless be comparatively much 
greater than the sum of the angles ACB, ABC ; in which case the 
above conclusion cannot be drawn. 

n2 
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It appears^ therefore^ preferable to assume the multiple of Xj such 
that mx may exceed 4P^ which is unquestionably allowable : 'then 
the subsequent reasoning may remain the same till we come to the 
inference^ that the four angles of the quadrilateral^ together with 
SwP— 8P, cannot exceed 6mP— 8P-f 4P— mar, which obviously in- 
volves an absurdity^ because 6mP — 8P alone exceeds 6f»P — 8Ph- 
4P-— m^r; since this latter expression results from adding to the 
former a less magnitude^ viz.^ 4P, and taking away a greater , viz.^ 
mxy for by hypothesis 4P > mx. 

For the sake of the young student^ it will not be superfluous now 
to show how the theory of parallels may be rigorously established 
by the help of the theorem^ that the three angles of any triangle 
amount to' two right angles : for this purpose the two propositions 
following are >given in the notes to Playfair's Geometry. 



Tt»RO]POSITION I. 

^wo lines, which make with a third line the interior angles on 
the same side of it less than fwo right a/ngles^ wiU meet on 
thai side, if produced Jar enough. 

Let the straight lines AB^ CD, make with AC^ the two angles 
BAG, DC A less than two Tight angles ; AB and CD will meet if 
produced toward B and D. 

In AB take AP^AC ; 
join CP; produce BA to 
H, and through C draw CE, 
making the angle ACE 
equal to the angle CAH. 

Because AC is equal to AP, the angles AFC, ACP, are also equal ; 
but the exterior angle HAC is equal to the two interior and op- 
posite angles ACF^ AFC> and th^efore it is double of either of them^ 
asof ACF. 

Now, ACE is equal to HAC by construction, tlierefore ACE is 
double of ACF, and is bisected by the line CF. 

In the same manner, if FG be taken equal to FC, and if CG be 
drawn, it may be shown that CG bisects the angle FCE, and so on 
oontinually. But if from a magnitude, as the angle ACE, there 
be taken its half, and from the remainder FCE its half FCG, and 
from the remainder GCE its half, &c., a remainder will at length be. 
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found less than the given angle DCE. Let GC£ be the angle wfiose 
half £CK is less than DC£, then a straight line CK is found, 
which £Edls between CD and C£, but nerertheless meets the line 
AB in K ; therefore CD, if produced, must meet AB m. a point, 
between G and K, therefore. Sec. 

PEOPosiTioN II. X^* !• Euclid.) 
^a straight linefaU on two parallel straHght lines it makes^ 
tfie alternate a/ngies equal to one amother / the eocterior equal 
to the interior and opposite on the same side ; avid likemse 
the two interior angles on the same side eqtuU to two righ^ 
angles. 

Let the straight line EF fall on the parallel straight lines AB;„ 
CD ; the alternate angles AGH, GHD are equal j the exterior angla 
EGB is equal to the interior 
and opposite angle GHD, 
and the two interior angles 
BGH, GHD are equal to 
two right angles. 

For if AGH be not equal 
to GHD, let it be greater ; 
then adding BGH to both, 
the angles AGH, HGB are 
greater than the angles 
DHG,HGB. But AGH, 

HGB are equal to two right angles ; therefore BGH, GHD are less 
than two right angles, and therefore the lines AB, CD will meet, by 
the last proposition, if produced toward B an^ D.. 

But they do not meet, for they are parallel by hypothesis, and 
therefore the angles AGH, GHD are not unequal ; that is, they are 
equal to one another. 

Now, the angle AGH is equal to EGB, because these are vertical ; 
and it has been also shown to be equal to GHD, therefore EGB and 
GHD are equal Lastly, to each of the equal angles EGB, GHD 
add the angle BGH, then the two EGB, BGH are equal to the twa 
DHG, BGH. But EGB, BGH are equal to two right angles, there- 
fore BGH, GHD are also equal to two right angles, therefore, &c. 
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On the sisperposUian qf^fignres. 

Througboat tlie whgle of thiB first book^ I have endeavoared to 
avoid as much as possible that method of proof/ by which the equality 
of figures is inferred from the principle of superposition^ or the laying 
of one figure upon another^ a mode of proceeding too often resorted 
to by modern geometers. Mr. Thomas Simpson was particularly 
averse to this kind of evidence ; so much so^ that rather than place 
the fundamental propositi<m relating to the equality of triangles, 
where this method of proof appeared to be unavoidable, among his 
tfieorms, he preferred to consider it as an axiom, obsefeing in a note 
that " what is here l^d down as an axiom would more properly have 
been made a proposition, had it admitted of such a demonstration as 
is perfectly consistent with geometrical strictness and purity. But 
the laying of one figure upon another, whatever evidence it may 
afford, is a mechanical consideration, and depends on no postulate." 
The proposition here alluded to forms proposition VIII. in these 
elements, and the equality of the triangles in question is there proved 
by conceiving a third triangle, equal to the one, to be constructed 
upon a side of the other ; although this is, perhaps, virtually the 
same as laying one triangle upon the other, yet, as it does not suppose 
the actual ^)erat]on to be performed, it appears to be less liable to 
objection. But there are one or two other propositions in this first 
book relating to the equality of triangles, where the principle of 
superposition has been quite unnecessarily introduced by modern 
authors. For instance, proposition XI. is demonstrated by Legendre 
as follows :— 

Let the side BC be equal to the side EF, the angle B to the angle 
£, and the angle G to the angle F ; then will the triangle DEF be 
equal to the triangle ABC. 

For, to bring about the superpo- 
. sition, let EF be placed on its equal 
BC ; the point E wiH fall on B, and ^Z ^^ j,z 

the point F on C. And, since the 

angle £ is equal to the angle B, the side ED will take the direction 
BA ; therefore the point D will be found somewhere in the line 
BA. In like manner, since the angle F is equal to the angle C, the 
line FD will take the direction CA, and the point D will be found 
somewhere in the line CA. Hence the point D occurring at the 
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same time in t^e two^tnught hues BA a&d CA must ML on their 
intenection A; b^oe the two iriaosgles ABC^ DEF coincide with 
eadi other> and are perfectly equaL 

This demmistration is not shorter than that given in these ele- 
ments, which is similar to Euclid's, where the truth of the theorem 
is in no way dependent upon superposition; and although the evi-. 
dence may not be stronger in the one case than in the other, yet it 
is doubtless improper to bring forward eren an apparently objection* 
able principle, when the circumstances of the cate do not require its 
aid» In some instances, however, the demonstration may be shortened 
by adverting to superposition ; although, I think, that ,in general 
what is gained in this way is lost in point of elegance ; for his 
reason the demonstration of ptopofdtion XXVI. of this book has been 
preferred to the following shorter demonstration, in wMch super- 
position is employed. 

In the triangles ABC, DEF, let the side AB be equal to DE, 
BC to EF, and the angles BAG, EDF, opposite to BC, EF, be also 
equal ; the triangles themselves are equal, if the other angles BCA^ 
and £FD opposite to BC, £F be of the same character, or at once 
right, or acute or obtuse. 

For the triangle ABC being 
^ppHed to DEF, the angle 
BAC will adapt itself to EDF, 
ttnce they are equal; and the 
point B must coincide with £^ 
because the side AB is equal to 

DE. But the other equal sides BC and EF, now stretching from 
the same point E towards DF, must likewise coincide; for if the 
angle at C or F be right, there can exist no more than one perpen- 
dicular EF ; and, in like manner, if this angle at F be either obtuse 
or acute, the line EF which forms it, can^ for the same reason, have 
only one corresponding position. — ^Whence, in each of these three 
cases, the triangle ABC admits of a perfect adaptation with DEF \ 




On PrOposUbm XXIII. 
The demonstration of this ^proposition is rendered much more 

* LeslkU Geometry^ proposition XXL book I^ 
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simple and oandse than the deoMHistniiions usnally given. That of 
Eodid, indeed, appears as simple, but as Mr. Thomas Simpson has 
justly observed in the notes to his geometry, this demonstration is 
defective; for Euclid has not shown that the extremity H, of the 
line AH, must neoessarily fall be- 
low the line BG, but has impro« 
perly assumed this to be the case. 
To supply this defect Euclid's de- 
monstration >would require consi- 
derable modification. L^^dre 

divides the proposition into three cases, and danonstrates each 
separately ; Professor Leslie distinguishes two cases. The demon- 
stration in these elements is comprehended in a single case, and 
is as condse as EucUd'^f without its defects 




BOOK 11. 



On Propositions VIII. and IX. 

The demonstrations in the text of these two propositions are much 
simpler than those usually given ; this is more particularly the case 
with proposition IX., which Euclid and succeeding authors demon- 
strate by means of the property of the square of the hypothenuse. 
In the demonstration here given this property is dispensed with, and 
the reasoning is, mweover, shortened, as will appear by comparing it 
with proposition IX. of Euclid, or with proposition' XVIII. of Leslie. 



On Proposition X. 

This celebrated property, the discovery of which is attributed to 
Pythagoras, may be demonstrated in various ways: Euclid's demon- 
stration, which is very elegant, is as follows : — 

Let ABO be a right angled triangle having the triangle BAG ; 
the square described upon the side BG is equivalent to the squares 
described upon BA, AG. 

On BG describe the square BDEG, and on BA, AG the squares 
GB, HG; and through A draw AL parallel to BD or CE; join 
AD, FG : then, because each of the angles BAG, BAG is a right 
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Bn^le, the two straight lines AC, 
AO upon the opposite sides of AB 
make with it, at the point A, the 
adjacent angles equal to two right 
angles; therefore CA is in the 
same straight line with AG; for 
the same reason, AB and AH are 
in the same straight line ; and 
because the angle DBC is equal 
to. the angle FBA, each of them 
being a right angle, add to each 

the angle ABC, and the 'whole ^ !• n 

angle DBA is equal to the whole FBC; and because the two sides 
AB, BD are equal to the two FB, BC, each to each, and the angle 
DBA equal to the angle FBC ; therefore the base AD is equal to 
the base FC, and the triangle ABD to the triangle FBC. Now the 
parallelogram BL is double of the triangle ABD, because they are 
upon the same base BD, and beti^^een the same parallels BD, AL ; 
and the square GB is double of the triangle FBC, because these also 
are upon the same base FB, and between the same parallels FB, GC. 
But the doubles of equals are equal to one another : therefore the 
parallelogram BL is equal to the square GB. And, in the same 
manlier, by joining AE; BK, it is demonstrated that the parallelo- 
gram CL is equal to the square HC. Therefore the whole square 
BDEC is equ^ to the two squares GB, HC ,* and the square BDEC 
is described upon the straight line BC, and the squares GBj HC 
upon BA, AC. Wherefore the square upon the side BC is equal ta 
the squares upon the sides BA, AC. 

The following mediod of demonstrating the same proposition alsa 
deserves notice for its simplicity : — 

Let BE be the square on the hypothenuse, 
and BG, CH the squares on the sides. Pro- 
duce DB to M, and through A draw PLA 
parallel to DB^ and meeting the prolongation 
of FG in K. 

Then, since the angles FBA, MBC are 
both right angles, if MBA be taken from 
each, there will remain the equal angles 
FBM, ABC; and, consequently, since the 
triangles FBM, ABC are both right angled, 
and have also the sides BF, BA equal, their 




Digitized by 



Google 



J 86 NOTES. 

hypothenuses BM^ BC are equal (Prop. XI. B. I.) ; b^noe BM it 
equal to BD, in other words the rhomboids BK^ BP^ of wbi^k 
the common altitude is BL^ have equal bases ; these rhottiboids^ 
therefore^ are equivalent. But the rhomboid BK is equitalent 
to the square AF, fbr they have the same base BA> and the same 
altitude BF. It fdlows> therefore> that the rhonbdd BP is also 
equal to the square AF« In like manner^ if IH be j^oduced to meet 
the prolongation of PLA> it may be shown that the rectangle CP is 
equivalent to the square AI. Consequently the two rectangles BP, 
CP, that is, the square BE, is equivalent to both the squares AF, AI. 

Since the converse of , the proposition is true, this prc^rty belongs 
exclusively to the right angled triangle. But the f<^owii^ kindred 
property pertains to every triangle,' vi*. :— 

In any triangle ABC, ifrhomdeids BFy CE be constructed on the 
sides BA, CA, and if KF, DE meet when prolonged in H, and CR 
parallel to HA he drawn, then the rhomboids BF, CE mill, together, 
be equivalent to the rhomboid^ whose atfjacent aides are BC, CR» 

Draw BP parallel to CR, and join PR. 

Then both CRHA and 
BPHA are rhomboids; con- 
sequently CR and BP are 
each equal to HA, and as 
they are also parallel, PBCR 
is a rhomboid. 

Now the rhomboids BKFA, 
BPHA are equal,as they have 
the same base BA, and are 
between the same parallels. 
For similar reasons the rhomboids CDEA, CRHA are equivalent ; 
consequently the sum of the rhomboids BKFA, CDEA is equivalent 
to the space BPHRCA. Again, the triangles ABC> HPR are equi- 
angular on account of the parallels, and as the bases BC, PR are 
equal, these triangles must be equal; hence, taking the portion 
AQS from each, there remains the quadrilateral BS equivalent to 
the space QPHRSA ; and, consequently, by including the triangles 
PBQ, RCS, the rhomboid PBCR is equivalent to the space 
BPHRCA, or to the two rhomboids BF, CE. 

If the line PR be situated above the vertex A of the triangle 
ABC, then instead of deducting a triangular space AQS, wc shall 
have' to add that included by the lines BP, PR, RC, and the sides 
CA, AB of the triangle. 
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Frcmi the last corollary annexed to proposhion X. may be feafily 
deduced a convenient method of determining the area d a t^iittglej 
from having the numerical values of the three sides given. 

Thus, in the triangle ABC, the expression !^^*— ^»* 

denotes the value of 
l&e greater portion 
DC, into which the 
base is divided by the 
perpendicular AD ; 
and consequently this 
perpendicular becomes at once determinable from the proposition 
itself : it is equal to \/ AC* — DC* ; having then the base and per- 
pendicular of the triangle ABC, half their product gives the area. 

The first of the above expressions results from the two simple 
numerical prc^rties, that the difference of the squares of two num- 
bers, divided by the sum of those numbers, gives their difference 
for the quotient ; and again, that half the sum of two numbers added 
to half their difference, gives the greater of the two numbers. Now 
by the corollary, AC« — AB* is equivalent to DC« — DB^ ; so that 

A.C2 — AB* 

we have, in virtue of the first property jnst adverted to, ^^ = 

DC — DB, and therefore from the second property ^^!^^^* + 

iBC=DC. 

Suppose, f(WP example, that AB = 10, AC = 17, and BG=9, then 

i7!r^ + |=^=6 = DB,andV(10»-e.)=V64 
AD ; tbkerdera -^s36 the area of the trian^e. 



8 = 



On Prcposiium XIIL 
This property may be obtained in a different manner. Instead 
of deducing the property of the triangle which forms the first co- 
rollary from that of the rhomboid, the usual method is to irifer the 
property of the rhomboid from that of the triangle: thus 

In any triangle ABC, if a straight Une AE be drawn from the i^ertex 
to the middle of the base, we shall have j^ 

AB« + AC* = 2AE» + 2BE2 
On BC let fall the perpendicular AD. 
The triangle AEC (Prop. XL) gives 
AC* = AE* + EC* -. 2EC x ED. 
The triangle ABC (Prop. XII.) gives _ 

AB« = AE* -f EB' + 2EB x ED. » K D 
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HeBoe> by adding the omrresponding sides together^ and ob- 
senring that £B and EG are equals we have 

AB» H- AC* = 2AE» + 2BB*. 

Cor. Hence, in every parallelogram^ the squares of the sides are 
together equal to the squares of the diagonak. 

For the diagonals AC, BD bisect each 
other; consequently the triangle ABC 
gives 

AB* + BC« = 2AP» + 2BP«.. 
The triangle ADC gives, in like 
manner 

AD« + DC* = 2AP» + 2DP\ 

Adding the corresponding members together, and observing that 
BP and DP are equal, we shall have 

AB« + AI> + DC« + BC« = 4AP* + 4DP*. 
But 4AP* is the square of 2 AP, or oC AC ; and 4DP« is the square 
of BD; hence the squares of the sides are together equal to the 
squares of the diagonals. 

Upon comparing the two methods, that in the text appears to be 
somewhat simpler. 

This property of the rhomboid results also from a more general 
property of the quadrilateral first demonstrated by Eider j by hdp 
of the foregoing proposition concerning the triangle. 

In any quadrilateral the squares of the sides are equivalent to the 
squares of the diagonals, together with four times the square of the 
line joining their middle points. 

Let ABCD be any quadrilateral, and M, N the middle points of 
the diagonals AC, BD, then the sum of the squares of the four sides 
of the quadrilateral will be equivalent to the squares of the diagonals, 
together with four times the square of the line MN. 

Draw BM, DM : then, from the triangles ABC, DAC, we have, 
by the proposition above, 

AB« + BC« = 2 AM« + 2BM« ; 

AD* + DC» =2AM'^ +2DM^ 
Consequently, by addition, there 
results 

AB» + BC» 4- AD» + DC« = 
4AMH2BM*+2DM2=AC« -h 
2BM2+2DM^ 

But from the triangle MBD 
there results 




Digitized by 



Google 



NOTES. 



189 



BM* + DM» = 2BN« + 2MN« ; hence 2BM« + 2DM« = BD« + 
4MN«. 

It therefore follows that 

AB»+BOH-AD«+DC« = AC»+BD«+4MN«. 
When the points M^ N coincide^ then the quadrilateral becomes a 
rhomboid^ and since, in that case> M N is nothing, the result ex- 
hibits the property before demonstrated. 

It may not be amiss here to make known another very general 
and kindred property of the rhomboid, depending, like the preceding, 
upon the foregoing property of the triangle : I am unable to say 
whether or not it has been before noticed, I have seen it only in the 
particular case of the rectangle. 

If from any point whatever lines be drawn to the four comers of 
a rhomboid, twice the sum of their squares mil be equivalent to the 
squares of the diagonals, together with eight times the square of the 
line drawn from the given point to the intersection of the diagonals. 

Let lines be drawn from the point P to the comers of the rhom- 
boid ABCD, and to the intersection E of the diagonals. 
Then from the triangle PDB we have 

PD2+PB2 = 2DE«H-3PE* ; 
and from the triangle PCA we have 

PCS + PA2 =2AE2 + 2PE* ; 
hence 

PD* + PBa + PCS +PA*=2DE*+2AE«H-4PE2; 
consequently 

2(PD2 + PB2 + PC2 + PA2) =DB2 + AC2 + SPE^ 




Cor, 1. If the rhomboid is a rectangle, then since DB = AC, it 
follows that the squares of the lines drawn from P to the comers 
are equivalent to the square of a diagonal, together with four times 
the square of the line drawn fivm P to its middle point. 



Digitized by 



Google 



190 NOT£S. 

Car. % Also, since in the rectangle DR=i AB, it foUows, from tike 
two first equations^ that the squares of the lines drawn from P tot 
two opposite comers, are eqaivalent to the squares of the lines drawn 
from the same point to the other two opposite comers. 

It may be remarked, that if the point P be supposed to be situated 
at one of the comers of the rhomboid, we shall, as in the preceding 
general property of the quadrilateral, arrive at the relation already 
established b6tween the squares of the sides and the squares of the 
diagonals. 

Prom this proposition results also another curious property:— 
If from the middle of a rhomboid, as a centre, a circle be described 
ivith any radius, the squares of lines drawn from any point in the 
circumference to the four comers of the rhomboid mill always amount 
to the same sum. 

This may readily be converted into a Porism *, viz.. 

Two points and the centre of a circle, not in the same straight line 
as the points, If^i^g given, ttoo other points may he found, such, that 
if from the given centre with any radius, a circle be described; the 
squares of the lines dravonfrom the four points^ to any point in the 
circumference, tvill amount to the same sum, 

I shall conclude this note by mentioning one more property, 
readily derivable from the theorem respecting the triangle. 

If two concentric circles be described, then from xvhatever point in 
the circumference of the one, lines be drawn to the ejptremity of any 
diameter of the other, the sum of their squares will always be the 
same. 



BOOK III. 
On Propositions XL XI I. and XII L 

In the scholium to the first of these propositions, the restriction 
in the enunciation was shown to be necessary. In Leslie's Geometry 



* A Pdrism IB '^a proposition affirmiDg the possibility of finding such conditions 
as idll render a certain problem indeterminate, or capable of innumerable solutions**' 
This definition of a porism is given by Professor Playfair m vol. 3. of the Trans- 
actions of the Royal Society of Edinburgh, in his paper ^' On tile origin and in- 
vestigatioo of Porisms ;*' to which tiie student may refer for valuable and important 
information upon a Yuf^j curiouB aad interasting subject. 
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llus restriekion has lieea improperly on»itted ; a similar omission has 
been made also in Corollary l, of the first Proposition^ in the sixth 
book of the same work, where it is inferred that '^ straight lines 
which cut diverging lines proportionally are parallfl/' although it is 
obvious that these straight lines may cross each other. Such in*. 
advertencies in elements of geometry are of consequence, however 
trifling they may appear to some, and certainly stand in need of 
correction. 

In the twelfth and thirteenth propositions, and their corollaries, 
are comprehended some useful truths relative to the contact and in- 
tersections of circles, upon which several of the problems in the 
fourth book depend. 

These two propositions and corollaries include the llth^ 12th» 
13th, and 14th propositions of Legendre's second book, and also the. 
converse of those propositions. 



On Propositims XIF. XV. XV L and XVII. 

The way in which Euclid has enunciated and diemonstrated the 
first of these propositions, has rendered it necessary that he should, 
in the stiQ^eeding proposition, demonstrate that " The angles in the 
s^me sc^gment of a circle are equal to one another," a proposition 
which presented two cases requiring separate consideration. It was 
absolutdy necessary that this truth should be established; but it 
could npt be infixed from the preceding proposition, without con- 
sidering re-entrant angles, which Euclid has made no mention of 
throughout his Elements. The demonstration given in the text 
equally avoids the introduction of re-entrant angles, while it dis- 
penses with the proposition which Euclid found it necessary after- 
wards to demonstrate, as this immediately follows as an obvious 
inference from the proposition itself. 

The fifteenth proposition may appear, perhaps, rather less simple 
than the corresponding proposition in Euclid, as an additional line 
has been introduced into the diagram. But I deemed it preferable 
to establish this proposition before proposition XVII. instead of 
adopting Euclid's course, and this preference has been given on the 
ground of simplicity ; few: this seventeenth proposition, by aid of 
the foregoing property, becomes susceptible of a much easier demon- 
stration than that which Eiiclid gives, as will appear from a com- 
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pariaon of Euclid's demonstration mth that in these elements. With 
i^gard to the sixteenth proposition^ it seems necessary merely to re- 
mark^ that I have endeavoured to combiney in a single train of rea- 
soning, all the various cases that the proposition presents^ and I am 
in hopes that this reasoning will be found conclusive. 



BOOK IV. 



The propositions in this book are all problems^ in which every 
practical operation that in the course of the preceding books was 
admitted to be possible^ is actually performed. In Euclid's Elements^ 
the problems are interspersed among the theorems^ in order that in 
every demonstration no operation may be supposed possible^ that has 
not been previously effected^ with a view no doubt> as Mr. PlayfEur 
observes^ *^ to guard against the introduction of impossible hypo- 
theses^ or the taking for granted that a thing may exists which, in 
facty implies a contradiction." There are some advantages^ however^ 
connected with a different arrangement ; for, by thus keeping the 
theorems and problems distinct, a continuity is preserved in the 
chain of reasoning, and the mind proceeds from one truth to another 
without being interrupted by any thing of a mechanical nature ; and, 
moreover, the problems themselves become, by this separation, sus- 
ceptible of simpler and easier constructions, because 'we are enabled 
to avail ourselves of a greater number of previously establisKed 
principles. 

The restriction which Euclid has put upon himself, in this respect, 
appears to be unnecessary. The learned writer just quoted remarks, 
that " this rule is not essential to geometrical demonstration, where, 
for the purpose of discovering the properties of figures, we are cer- 
tainly at liberty to suppose any figure to be constructed, or any line 
drawn, the existence of which does not involve an impossibility." 

In the construction of problems, however, the case is widely 
diffei;^nt ; for we cannot admit any preliminary construction till it 
has been actually effected. Every geometrical problem must remain 
unsolved, while it involves in it the trisection of an angle, since this 
operation cannot be actually performed ; but if the supposition of ^ 
such trisection, in the course of any demonstration, were necessary to 



Digitized by 



Google 



NOTES. 193 

the establishment of a theorem^ the conclusion would be as true and 
as satisfactory as if the above problem presented no difficulty ; all 
this must be quite obvious, for the truths of geometry necessarily 
exist independently of any practical operations^ and may^ therefore^ 
be reached without their aid. 

The twentieth problem in this book was taken from the Ladies' 
Diary^ where it was proposed and solved by Mr. Dotchen : the con- 
struction here given is somewhat simpler than his. 



BOOK V. 



This book is occupied by the doctrine of proportion, a subject of 
the highest importance, not only in geometry, but in every part of 
the mathematics. The importance* of the subject is not, however, 
greater than the difficulties that have hitherto attended it ; difficulties, 
the removal of which has resisted the attempts of geometers for a 
period of more than two thousand years — from the time of Euclid 
down to the present. Euclid establishes the doctrine of proportion in 
his fifth book, by reasonings of the most rigorous character, and in a 
manner so general and comprehensive, that magnitudes of all kinds 
are included without any restrictions or arbitrary conditions what- 
ever. These reasonings, however, are so exceedingly subtle, and it 
must be confessed, in some instances, so obscure, arising from the 
metaphysical considerations which they involve, that many, having 
been unable fiilly to enter into the spirit of it, have mistrusted his 
conclusions, and have ventured rashly to question their legitimacy. 
These circumstances have naturally dravm the attention of succeed- 
ing geometers to the formation of a treatise of proportion, of the same 
extent and universality as that of Euclid, in which the intricacies of 
his method might be avoided. But all attempts to accomplish this 
object have either entirely failed, or only very partially succeeded ; 
so that, at the present day, there exists no rigorous and universal 
treatise on geometrical proportion except the fifth book of Euclid's 
Elements. 

Many and important have been the errors into which geometers 
have fiedl^n in their deviations from Euclid, on the subject of pro« 
I o 



Digitized by 



Google 



194 NOTES. 

portion. Tins assertion will be sapported bj a reference to some of 
the most reputable productions of the present day^ where Euclid's 
conclusions have been reached by a shorter path^ but by unwarrant- 
able steps in the reasonings which have consequently rendered those 
conclusions^ though true^ illegitimate. 

Take^ for instance^ proposition XVI. of the fifth book of Bonny- 
castle's Greometry, viz. : — 

If four magnitudes be proportional, the sum of the first and second 
will be to the first or second as the sum of the third and fourth is 
to the third or fourth. 



C- ! ^D C ! D 

Let AE be to EB as CF is to FD; then will AB be to BE, or 
AE, as CD is to DF, or CF. 

For since AE is to EB as QJF is to FD ; therefore, alternately, 
AE will be to CF as EB to FD. And, since the antecedent is to 
its consequent as all the antecedents are to all the consequents^ AE 
will be to CF as AB is to CD. 

But ratios, which are the same to the same ratio, are the same to 
each other ; whence AB will be to CD as EB is to FD ; and, alter- 
nately, AB to Eli as CD to DF. 

Again, since AE has been showii to be to CF as A B is to CD; 
therefore, by alternation, AE will be to AB as CF is to CD. But 
quantities, which are directly proportional, are also proportional 
when taken inversely ; whence AB will be to AE as CD is to CF. 

Now this conclusion is not legitimate, for the above reasoning) if 
meant to be general, is altogether inadmissible ; as will appear obvious 
f?om observing, that in every step except the last^ the alternation of 
the proportionals is required, ^hich alternation is not possible except 
when the magnitudes are all of the same kind ; this demonstration^ 
therefore, applies only to a particular case of the proposed theorem. 
The next proposition in the same work, viz., proposition XVII. is^ in 
like msmner, conclusive only in the particular case when the magni- 
tudes are all of the same kind. Mr. Bonnycastle, however, so far 
from being aware of this circumstance, attributes to these concluHons 
the same generality that belongs to Euclid's ; nay, indeed^ he asserts 
in his notes that they are even more general than those of die Greek 
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geometer; for he says, " It has been properly observed by Mr. 
Simpson that the manner in which the composition and division of 
ratios is treated of by Euclid is defective, as not being sufficiently 
general. It is also commonly found very abstruse and embarrassing 
to beginners, on account of the coniplicated terms in which it is 
enunciated, and the number of eases to be separately demonstrated. 
For these reasons it was deemed necessary to give the propositions a 
more simple and general form, and to render the demonstrations vi 
them as concise and perspicuous as possible/' 

Having copied this note, it is incumbent on me to add, that Euclid's 
method (as restored by Dr. Simson) of treating the composition and, 
division of ratio8„so for from being defective and not sufficiently ge- 
neral, is undoubtedly complete and universal ; and in justice to Mr. 
Thomas Simpson, as well as to Euclid, I must observe that the re- ' 
mark which Mr. Bonnycastle attributes to the former ^as in reality 
never made. It is remarkable that the two propositions just noticed 
should have been allowed to pass as genuine for so long a period 
(about 30 years), in a book of such popularity as Boonycastle's Greo- 
metry ; and that the foregoing unjust remarks upon the accurate 
reasonings of Euclid, with which the name of Mr. Simpson is so un- 
warrantably coupled, should have hitherto escaped the eensure which 
they deserve. 

As another example of this inconclusive reasoning, we may ie£ex 
to Professor Leslie's manner of treating this subject in his Elements 
of Geometry, where the propositions on proportion are demonstrated 
to be true only when the magnitudes are both commensurable and 
homogeneous; that these demonstrations do not extend to incom- 
mensurable magnitudes the learned professor seems well aware, but 
it does not appear that he is also aware of their being restricted to 
homogeneous magnitudes. That such is the case, however, may be 
readily shown: — Take, for example, proposition XV. of his fifth 
book. 

If two analogies have the same antecedents, another analog/ may 
be formed having the consequents of the one for its antecedents, and 
the consequents of the other for its consequents. 

LetA:B::C:D, andA:E::C:P; then B : E : : D : F. 

For alternating the first analogy, A : C : : B : D *, and alter- 

• According to Mr. Leslie's own definition of proportion, this proportion will be 
mpossible, upless the terms of the proportion A : B : : C : D are homogeneousi 

o2 
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nating the second^ A : C : : E : F ; whence^ by identity of ratios, 
B : D : : E : F. 

This reasoning is condusiye only in the particular case mentioned 
above, as it is liable to the same objections that have already been 
shown to belong to Bonnycastle's reasoning. The modem French 
writers on proportion all treat the subject in ^he same objectionable 
manner; their reasonings being applicable only to magnitudes which 
are at once commensurable and homogeneous, or to mere numbers 
which are necessarily thus restricted. L^ndre, however, must be 
excepted from this remark, for in his geometry he has not treated on 
the doctrine of proportion at all ! but has referred for information 
on this subject to sources which cannot possibly supply it, viz. : ^^ to 
the common treatises on arithmetic and algebra," which, as every one 
knows, relate only to number. Dr. Brewster has observed, in the 
introduction to his translation of Legendre, that '' the author has 
provided for the application of proportion to incommensurable 
quantities, and demonstrated every case of this kind as it occurred, 
by means of the reductio ad absurdum." This assertion, however, 
I must venture to dispute : — How, for instance, is the truth of the 
corollary to proposition XXVIII. of his third book shown when the 
lines concerned are incommensurable ? or the corollary to the next 
proposition in like circumstances? It will be found upon exami* 
nation that in these, and in many other cases, the inferences hold good 
only when the magnitudes are commensurable. Legendre's geometry 
is, therefore, in this respect very defective ; and it is to be regretted 
that this able geometer did not apply his powerful talents to a sub- 
ject of so much difficulty and importance. 

In the treatise on proportion which I have given^ I have endea- 
voured to treat the subject in the same rigorous and comprehensive 
manner as Euclid, and that without employing the reductio ad ah^ 
surdum so often, even as Euclid himself employs it in his fifth book. 
Propositions IX., X., and XVIII. of Euclid are demonstrated by 
meank of this principle * ; in these elements only two propositions 
involve this principle, viz., propositions III. and IV. I have too, I 
hope, succeeded in some measure in my ajktempts to strip the subject 
of much of its difficulty ; as I have been enabled to re^h Euclid's 
conclusions without the aid of his subsidiary propositions relative to 



* Dr Barrow's £uclid, or the French translation of M, Peyrard, 
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ratios and their comparison, propositions in which his greatest sub- 
tilties of reasoning are involved. I have wholly abandoned the use 
of this term ratio in these elements ; the term in. reality denotes the 
quotient arising from the division of one magnitude or quantity by 
another of the same kind ; it is accurately assignable when the mag- 
nitudes are*commensurable> but unassignable when they are incom- 
mensurable. Euclid's definition of ^ratio is obscure and unne- 
cessary, and his doctrine of ratios has given rise to long commentaries 
and discussions, which have, perhaps^, rather increased than dimi- 
nished the perplexity of the subject. That there is no absolute ne- 
cessity for the consideration of ratios in elements of geometry, I have, 
I hope, satisfactorily shown in the present treatise. 

I am bound to acknowledge that this method of treating proportion 
was at^ first suggested to me by an examination of a brief tract on the 
same subject> contained in the Principes Mathematiques of M. da 
Cunha, a work of great ingenuity, and which was first introduced to 
the notice of the English student by Professor Playfair, in vol. xx. 
of the Edinburgh Review. This treatise on proportion, although but 
an epitome of the subject, was highly commended by Mr. Play£edr^ 
especially the neat definition which M. da Cunha had given of 
proportional magnitudes. This definition^ however, Mr. Playfair 
emended, and in this improved form I have adopted it. 

The reasoning of M. da Cunha, although free from the embarrass- 
ments attendant upon the comparison of ratios, is, nevertheless, in 
certain propositions exceedingly intricate ; propositions VI. and VII., 
for instance, which correspond to the IVth and Vltjh in these ele- 
ments, are incomparably more perplexing than these latter. On this 
account I found myself compelled to relinquish the intentioii I had 
originally formed of following this author's steps, and resolved to pro- 
ceed in an entirely diflferent manner; the result is the treatise in the 
text, which is not only more simple, but much more comprehensive 
than that of M. da Cunha^ and which I have taken considerable pains 
to render deserving of the approbation of geometers. 



On Proposition XIX. 

This proposition is, I believe, new; and by means of it the de- 
monstration of proposition XXXI. of the sixth book is rendered much 
more simple and concise than any that has previously been given. 
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BOOK VI. 

On Proposition VIL 

This proposition affords a simple method 
of bisecting an angle : — ^Thus, if the angle 
BAG is to be bisected, it will be only ne- 
cessary to produce one side, as BA, till 
AE be equal to AC, and then to draw AD 
parallel to the line joining EC : an opera- 
tion very expeditiously performed by means 
of a parallel ruler. 

The proposition in the text may be ex- 
tended to the cases where the exterior 

angle CAE is bisected; for it may be proved that if the bisecting 
line cuts the extension of the base, the parts intercepted between it 
and the sides are also as those sides. This proposition presents two 
cases which Dr, Sinison seems not to have observed, as he has de- 
monstrated one case only *. 

Let AD bisect the exterior angle CAE, and let it cut the base 
produced in the point D, then BD : DC : : BA : AC. 

For, draw CF parallel to DA ; 
then (Prop. V. Cor. B. VI.) BD : 
DC : : BA : AF; also, because CP, 
DA are parallel, the angles CFA, 
DAE are equal; so, also, are the 
angles FCA, DAC, but, by hypo- 
thesis, the angles DAE, DAC are 
equal ; hence the angles CFA, FCA ^ 
are equal, and, therefore, AC = AF; 
hence, ,putting AC for AF in the above proportion, 
BD : DC : ; BA : AC. 

If, now, AD cut the base 
produced on the other side 
of AC, which is the second 
case of the theorem^ then, 

instead of drawing a pa- jj j^ q 

rallel to it from the point C, it must be drawn from B, as in the an- 
nex^ diagram; after which the demonstration will be similar to 





* Simson's Eadiil, pToposition A, book VI. 
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that of the forgoing. case. The converse is true^ and may be easily 
proved. 

If the triangle ABO be isosceles; the line bisecting the exterior 
angle CAB vnll obviously be parallel to the base. 



On Proposition XII, 

This propositicm is the same as the seventh of Euclid's sixth book^ 
but is here demonstrated in a manner far more simple and concise. 
Mr. Thomas Simpson in his Elements of Geometry has rejected this 
proposition of Euclid^ and has in its place substituted another which 
is absolutely false ! It is a singular circumstance that tills important 
error should have hitherto escaped detection, appearing as it does in 
a work of such high repute as Simpson's Greometry, which has been 
in th^ hands of every mathematician in Europe for the greater part of 
a century. One can scarcely imagine indeed how it could have passed 
the scrutiny of Dr. Robert Simson, who, it is well known, indulged 
no very friendly feeling towards his cotemporary, whom he viewed 
as an opponent because he had ventured to find fault with one or 
two of Euclid's demonstrations. The same erroneous proposition 
appears also in Mr. Leslie's Geometry, Prop. XIV. B. VI., last 
edition : in the preceding edition it is proposition XV. ; and although 
the reasoning is different from Mr. Simpson's, it is equally inadmis- 
sible. It will be necessary to show this. 

THEOREM XVI. Book IV. Simpson''s Geometry. 

If two triangles (ABC, abc) have one angle (A) in the one equal 
to one angle (cr) in the other, and the sides (AB, a&, CB, r-l>) about 
either of the other angles proportional ; then will the triangles be 
equiangular, provided these last angles (B, b) be either both less, or 
both greater than right angles. 

In AB, 1^«AD be taken r= oA, and let DE be drawn parallel to 
BC, meeting AC in E. v 

Then will the triangles ABC 
and ADE be equiangular; 
therefore CB : ED : : AB : 
AD : : AB : fl6 : : CB : c6,and, 
consequently £D=c6 ; nokence 
the triangles abc and ADE 




z\ 
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{having abzzAD, cb=zED, and a^A) will be equal in ail respects, 
provided the angles ibc and ABC {=ADE) are cither both less, or 
both greater than right angles. Therefore, since the latter of these 
equal triangles {abc, ADE) is equiangular to ABC, the proposition 
is manifest. 

PROPOSITION XIV. THEOEEM. Lcslifi'? Geometry, Book VI. 

Triangles are similar which have each an equal angle, and the 
sides containing another angle of the same character proportional. 

Let the triangles CAB and FDE have the angle ABC equal to 
DEF, and the sides that contain the angles at C and F proportional, 
or BC : AC : : EF : FD ; while those angles are both of them either 
acute or obtuse, the triangles ABC and DEF are similar. 

For, from the points E and 
F, draw EG and FG, making B 

the angles FEG and EFG 
equal to ABC and BCA. 

The triangle ABC is evi- 
dently similar to GEF, and 

BC : CA : : EF : FG; but, ^ ' ^ &" 

by hypothesis, BC ; CA : : 

EF : FD; and, therefore, EF : FG : : EF, FD, and FG is equal 
to FD. Whence the triqngles EGF and EDF, having the angle 
FEG equal tq FED, the side FG equal to FD, and the side EF 
common, and being both of the same character with CAB, are equal * ; 
consequently the angle <tFE or ACB is equal to DFE ; and, there- 
fore, the triangles ABC and DEF are similar. 

In these reasonings the- steps printed in italics are erfoneous : pro- 
position XXVI. of the first book, on which they are made to depend, 
does not warrant the conclusions to which they lead. These geo- 
meters might have observed ^at if this proposition were true, it 
would have followed from proposition VII. of this book, that the line 
which bisects any angle of an aeute-angled triangle, or the obtuse 
angle of an obtuse-angled triangle, divides the triangle into two 
similar jtriangles, which, however, is only true of the isosceles tri- 
angle. It seems scarcely necessary^ formally, to prove the fgdsity 
of the proposition in question ; I shall, however, for the sake of the 
young student, give the follo^ving simple illustration : — 

t 1 1 * ' I II- » I ■ I ■ 1 1 ■ I . 

• » 

* The refjBrence made here is to proposition XXVI. book I. 
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Let the triangle ABC be right-angled 
at B ; dvaw BE perpendicular to AC : 
take thepoints F^ D equidistant from £^ 
and join B^ F ; B^ D ; then the triangles 
FCB^ DCB have an angle C in each 
equal, and the sides containing the 
acute angles FBC, DBC proportional, 
and yet they are not similar ; for the 
one triangle has an obtuse angle and the other has not. 




The various scholia interspersed throu^ this sixth book render 
^ any further observations here unnecessary. It is hoped that among 
those scholia will be found some new and important remarks, calcu- 
lated to give the student a more accurate and comprehensive view 
of the application of proportion, than elements of geometry usually 
furnish* 

To this book a valuable proposition or two may be added. 



PROPOSITION I. 

If from the vertices of the three angles of a triangle perpendicU' 
lars be drawn to the opposite sides, they tvill intersect in the same 
point, and the rectangle of the parts shall be the same in each. 

In the triangle ABC, let the perpendiculars BD, CE intersect 
each other in F ; draw AF, and produce it, if necessary, till it meet» 
EC in G : AG will be perpendicular to BC. 

For draw DE : then since the op- 
posite angles AEF, ADF, of the 
quadrilateral AEFD, are equal to 
two right angles, a circle AEFD may 
be circumscribed about it. Also, 
since the angle BEC is right, BC 
will he the diameter of the circle 
which circumscribes the' triangle 
EBC; for a similar reason it will 
also be the diameter of the circle 
which circumscribes the triangle DCB ; hence the circle BEDC 
circumscribes both triangles. Now the angles BCE, BD£, sub- 
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tended hgr the same arc BE^ are equal; but the angles FDE^ FAE^ 
subtended by the arc FE^ are also equal ; hence the angle BCE 
is equal to the angle BAG ; and since the triangles BCE^ BAG iiave 
also the common angle B^ it follows that the third angles BEC> BGA 
are also equal ; hence AG is perpendicular to BC. 

Again, by Prop. XXIV. B. VI., BFFD=CFFE ; and since 
the trian^ CFG, AFE are similar, CF : FG : : AF : FE ; there- 
fore CFFE = AFFG; consequently, 

BFFD = CFFE = AFFG. 

Cor. By Prop. XXVI. Cor. 2. B. VI., ABAE = AC- AD, and 
therefore AB : AC : : AD : AE; hence (Prop. XI. B. VI.) the 
triangles ABC, ADE are similar. 

There is another case of this theorem, viz., that in which the 
point F is without the triangle. As the reasoning will in this case 
be very similar to the preceding, I shall leave it for the student to 
supply, merely hinting that, in the last step, the reference will be to 
Prop. XXVI. Cor. 2., and not to Prop. XXIV. as above. 



PROPOSITION II. 

The rectangles of the opposite sides of a quadrilateral inscribed in 
a circle t are together equivalent to the rectangle of the diagonals. 

Let ABCD be an inscribed quadrilateral; draw the diagonals 
AC, BD, then ABCDH-ADBC= ACBD. 

For draw BE, so that the angle ABE 
may be equal to the angle CBD, then the 
angle ABD is equal to the angle CBE, 
and the angles BDA, BCE being in the, 
same segment, are also equal; therefore 
the triangles ABD, BCE are similar; A^ 
hence AD : BD : : EC : BC, and conse- 
quently. ADBC=BDEC. 

Again, since the angles ABE, DBC are 
equal, as also the angles BAE, BDC, being in the same segment, 
the triangles AEB, DCB are similar, so that AB : AE : : BD : CD ; 
therefore AB CD = AEBD. Consequently, ABCD + ADBC = 
AEBD -H ECBD = ACBD. 

Schol* From this property may very readily be derived several 
important trigon(»netrical formuhe. 
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PROPOSITION III. PROBLEM. 

It is required to determine the numerical ejppressionjor the surface 
of a triangie,Jrom having the three sides given. 

Let the three sides of the triangle BAG be given. 

Produce the sides BA and BC, draw the straight lines BE, AD, 
and AE, bisecting the angles CBA, BAC, and CAI; join CD and 
CE, and let fall the perpendiculars DP, DG, and DH within the 
triangle, and, the perpendiculars EI, EK, and EL without it. 

The triangles ADF and ADG, having the angle DAF equal to 
DAG, the angles F and G right angles, and the common side AD, 
are equal ; for the same reason the triangles BDG and BDH are 
equal. In like manner it is proved that the triangles AEL and 
AEK are equal, and the triangles BEI and BEL. Whence, the 
triangles CDH and CDF, having the side DH equal to DF, the side 
DC common, and the right angle CHD equal to CFD, — are equal ; 
and for the. same reason, the triangles CEK and CEL are equal. 
The perimeter of tiie triangle ABC 
is therefore equal to twice the 
segments AF, FC, and BG ; conse- 
.quently BG is the excess of the semi- 
perimeter above the base AC, and 
AG is the excess of that semi-peri- 
meter, or of the segments BH, HC^ 
and AG, above the side BC. But the 
sides AB and BC, tvith the s^ments 
AK, and CK, or AI and CL, also 
form the perimeter ; whence BI being 
equal to BL, the part AI is the ex- 
cess of the semi-perimeter above the 
side AB. 

Now because DG and EI, being perpendicular to BI, are parallel, 
BG : DG : : BI : EI, and consequently BI x BG : BI x DG : : DG 
X BI : DG X EI. But since AD and AE bisect the angle BAC 
and its adjacent angle CAI, the angles GAD and EAI ai*e together 
equal to a right angle, and equal therefore to IE A and EAI ; whence 
the angle GAD is equal to IE A, and the right-angled triangles DG A 
and AIE are similar ; wherefore DG : AG : : AI : EI, and DG x 
EI = AG X AI ; consequently BI x BG ; DG x BI : : DG x BI : AG 
X AI. But the triangle ABC is composed of three triangles ADB, 
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BDC^ and CD\, which have the same altitude ; and therefore its 
area is equal to the rectangle under DG, and half their bases^ AB^ 
BC, and AC, or the semi-perimeter BI. Whence the area of the 
triangle ABC is a mean proportional between the rectangle under 
' BI, and its excess above AC, and the rectangle under its excess, 
above BC, and that above AB. 

It appears, therefore, that the area of a triangle will be expressed 
numerically, by the square root of the continued product of the 
semi-perimeter, into its excesses, above the three sides. A com- 
modious practical rule is thus furnished for finding the area of a tri- , 
angle, from having its three sides given. There are several ways of 
obtaining this rule, but the above investigation, which I have ex- 
tracted from Mr. Leslie's Geometry, may be reckoned among the 
simplest. 

The foUo^ying expression, in which p represents the semi-peri- 
meter; a, b, and c, the tiiree sides, and A the area of the triangle, 
exhibits this rule in a form more easily retained in the memory : 



A = >/;? {p-a) {p^b) ip—c). 



BOOK VII. 



In this book, as well as in the preceding, will be found some re- 
marks that appear well worthy of the student's attention. These 
consist chiefly of an examination of the circumstances in which cer- 
tain properties become less general, or fail altogether ; and they will, 
I think, be often found to unfold curious and interesting particulars, 
all more or less tending to enlarge the student's views of the subject*. 

In the scholium to proposition IX., an attempt is made to deduce, 
by a simple train of reasoning, the well known axiom of Archimedes, 
viz., that the circumference of a circle is a shorter line than the 
perimeter of any circumscribed polygon, and a longer line than the 
perimeter of any inscribed polygon. The arguments from whidi I 
have deduced this conclusion, cani^ot, I must confess, claim the cha* 
racter of rigorous demonstration ; the proposition indeed, is such, 
as not to admit of a rigid proof, but I think the method which I 
have adopted affords as much evidence of its truth as can be givei?. 
M. Legendre, in proposition IX. of his fourth book, has attempted 
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to demonstrate this proposition^ but his reasoning appeiEtrs to be in- 
conclusive. It is as follows : 

Any curve y or any polygonal line which envelops the conves line 
AMBfrom one end to the other, is longer than ^MB, the enveloped 
line. 

We have already said, that by the term convex line, weunder-* 
stand a line, polygonal, or curve, or partly curve and partly poly- 
gonal, such that a straight line cannot cut it in more than two 
points. If in the line AMB there 
were any sinuosities or re-entrant 
portions, it would cease to be con- 
vex, because a straight line might 
evidently cut it in more than two ' 
points. The arcs of a circle are 
essentially convex ; butthe present 
proposition extends to any line 
which fulfils the required conditions. 

This being premised, if the line AMB is not shorter than any of 
those which envelop it, there will be found among the latter a line, 
shorter than all the rest, which is shorter than AMB, or at most, 
equal to it. Let ACDEB be this enveloping line : any where be- 
tween these two lines draw the straight line PQ, not meeting, or at 
least only touching, the line AMB. The straight line PQ is shorter 
than PCDEQ ; hence, if instead of the part PCDEQ, we substitute 
the straight line PQ, the enveloping line APQB will be shorter than 
APDQB. But, by hypothesis, this latter .vras shorter than any 
other ; hence, that hypothesis was false ; hence all the enveloping 
lines are longer than AMB. 

Now all that this reasoning proves is, that it is impossible to find, 
among the enveloping lines, a line shorter than all the rest; for 
whatever line be supposed the shortest, one shorter still may always 
be found. If indeed such a line could be found, then, if the hypo- 
thesis that this line is shorter than, or equal to, AMB, could be 
shown to be impossible, the truth ^of the theorem would be indis- 
putably established. Legendre has doubtless deceived himself in 
the foregoing reasoning ; he has unconsciously set out with ^9t;o hy- 
potheses, and having shown one to be impossible, infers, unwarrant- 
ably, the impossibility of the other. 

A more satisfactory method of obtaining this conclusion is given by 
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3/. Deodey, in the notes to his Elimem de Giofnitrie, the substance 
of which I shall here give. 

Take either of the lines that can 
envelop the convex line AGHB> the 
line ACEDB forexample ; there wdll 
necessarily be some space between 
these two lines^ otherwise they would 
be iaenticalj and would, in reality, 
form but one. Through a point in 

this space draw a straight line, which may meet the enveloping line 
in two points m, n, but not cut the enveloped line. Then we shall 
have mn Z mEDn, and consequently ACmnB JL ACmEnB. This 
proves that whatever enveloping line is taken, a shorter can alwajrs 
be found. 

By repeating this construction, and proceeding from one envelop^ 
ing line to a second and shorter line^ from this to a third still 
shorter, and so on, we shall observe that the spaces inclosed by the 
enveloping lines become evidently smaller and smaller, and conse- 
quently always approach to the space contained by the enveloped 
line; that is, to the space AGHBA, which is doubtless smaller than 
either of the former. All these effects continue as long as there is 
any space between the enveloping line and the other. It appears, 
therefore, that since these enveloping lines decrease in length, as the 
space which separates them frcnn the enveloped line diminishes, if 
there could be a last enveloping line it would in reality coincide 
with that enveloped ; 4;his therefore is shorter than all the rest. 



BOOK VIII. 

This book, like the fourth, is entirely practical : the construction 
of the fifth problem is taken from Mr. Leslie's Geometry. The last 
fifteen problems relate to the division of surfaces, an important part 
of practical geometry, although seldom noticed in the elements. The 
geometrical constructions of these problems I have framed so as to 
suggest the most convenient analytical solutions, in order that they 
may the more readily be applied in matters of real practice, such as 
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the division x>f fieldft> &c. It does not appear necessary to exhibit 
here the analytical expression dedudble from each oonatruction^ as 
they may be very easily inferred by the student. 




On Propositions XXXIIL and XXXIV. 

The area of the space included between two concentric circles^ 
or of a circular ring, as it is sometimes called^ is readily determined 
from knowing the diameters of the concentric circles. 

Thus, if AB, CD be the respective 
diameters of two concentric circles, of 
which O is the common centre, then 
calling the surface of the inner circle a 
and that of the outer S, while it is put 
for the number 3-1416, we have, by 
the scholium to proposition XIII. of 
Book VII., the following expression 
for the surface of the ring, viz., 
S-.s = ir(0B2— 0D2) 
Now 

OB2-OD2 = (OB -f OD)(OB-OD)=ADDB; 
also AD'DB is equal to the square of the perpendicular DE, which is 
a tangent to the inner circle at D, consequently 

S— «=9fDE'; 
that is, the surface of the ring is equivalent to that of a circle, whose 
ra^us is equal to the tangent DE. 

The two problems in the text were £rst solv«d by the late ve» 
neraUe and ingenious Dr. Hutton, who appears to have set high 
value upon these solutions : the first solution was pirated very shortly 
after its publication by a Mr. Clark, whose conduct in this afiair 
Dr. Hutton very indignantly reprobates, in the third volume of his 
valuable Mathematical Tracts ; where an account of the origin of 
these problems is given at length, particularly of tlie last, which is 
by far the most curious and difficult of the two. I cannot resist the 
desire which I feel to gratify the student, by giving Dr. Hutton's 
account of this problem in his own interesting manner, with which 
extract I shall terminate these notes. After discussing the former 
problem, he proceeds thus': 
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** With respect to the other curious and kindred problem^ that of 
dividing a given circle into any nomber of parts that may be mu- 
tually equal both in area and perimeter^ some account of its rise has 
been already given. It was first anonymously proposed in the year 
1774 » ^ curious paradoxical problem^ but unaccompanied by the 
least hint or intimation of any mode of solution whatever. It was 
indeed, announced by the proposer expressly as a seeming paradox^ 
but accompanied by the declaration^ that it nevertheless was capable 
of a strict geometrical solution. The problem remained however some 
time unanswered, being given up by all persons as a matter quite 
hopeless ; and by most deemed, in hct, as little to be expected as the 
quadrature of the circle itself, to which it was thought to be nearly 
allied, and indeed dependent on it ; for no person could imagine any 
other possible way of a circle being divided, even in idea, into any 
number of such parts that might be equal, both in area and perimeter, 
than by radii drawn from the centre to the point of equal divisions 
in the circumference : this was, in effect, reducing the problem to 
this other, of dividing the circumference in any proposed number of 
equal parts, which was deemed on all hands a thing impossible to 
be effected. After some time no person thought any more of the 
matter, but as a thing never to be accomplished ; and so I believe 
it might have remained to this day, but for the occurrence of some 
such accident as that which actually led myself into the train of 
thought which soon ended in the complete solution. The construc- 
tion I first inserted in the Critical Review ; next it was introduced 
into my first, or quarto volume of Tracts, published in the year 
1786, accompanied with a short account of its rise, and a consider- 
able improvement of it, by rendering the property general for the 
division into all ratios of parts, equal or unequal, and extending the 
same to all ellipses, as well as circles. After which, I have usually 
been in the habit of introducing it into my Dictionary, and the more 
common elementary books on mensuration," &c. 



END OF THE MOTES ON THE FIRST EIGHT BOOKS. 
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